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Abstract. We construct the homogeneous Einstein equation for generalized flag manifolds G IK of a com- 
pact simple Lie group G whose isotropy representation decomposes into five inequivalent irreducible Ad(A")- 
submodules. To this end we apply a new technique which is based on a fibration of a flag manifold over 
another flag manifold and the theory of Riemannian submersions. We classify all generalized flag manifolds 
with five isotropy summands, and we use Grobner bases to study the corresponding polynomial systems 
for the Einstein equation. For the generalized flag manifolds E6 /(SU(4) X SU(2) X U(l) X U(l)) and 
E7 /(U(l) X U(6)) we find cxplicitely all invariant Einstein metrics up to isometry. For the generalized flag 
manifolds SO(2£ + 1)/(U(1) x U(p) x SO(2(*-p- 1) + 1)) and SO(2£)/(U(l) x U(p) x SO(2(£ -p - 1))) we 
• prove existence of at least two non Kahler-Einstein metrics. For small values of t and p we give the precise 

^s^J ' number of invariant Einstein metrics. 
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tation. 



1. Introduction 



A Riemannian manifold (M, g) is called Einstein if it has constant Ricci curvature, i.e. Ric g = A • g 
for some A € R. We are concerned with homogeneous Einstein metrics on reductive homogeneous spaces 
■ whose isotropy representation decomposes into a direct sum of irreducible non equivalent summands. Then 

, the Einstein equation reduces to a non linear algebraic system of equations. The computation of the Ricci 

tensor is in general a difficult task, especially when the number of isotropy summands increases. In this 
paper we introduce a method for computing the Ricci tensor for a homogeneous space via Riemannian 
submersions, and we apply this for a large class of homogeneous spaces the generalized flag manifolds. These 
are compact homogeneous spaces of the form G/K = G/C(S), where G is a compact, connected semisimple 
Lie group and C(S) is the centralizer of a torus S C G. These spaces exhaust all compact simply connected 
homogeneous Kahler manifolds of a compact, connected and semisimple Lie group. Their classification is 
based on the painted Dynkin diagrams (cf. [Alelj . | AlAr j ) and their Kahler geometry is very interesting on 
its own right (cf. [AlPej . |Borj ). For example, M = G/K = G/C(S) admits a finite number of invariant 
complex structures, and for each complex structure there is a unique homogeneous Kahler-Einstein metric. 

Nowadays, homogeneous Einstein metrics on flag manifolds have been better understood. They have been 
completely classified for any flag manifold M — G/K (of a compact simple Lie group 67) with two f |ACh2| . 
[SakT] L three ([Xrv], [Kim] ) and four isotropy summands f |ACh3j . |ACSlj . [ACS2| K For full flag manifolds 
corresponding to classical Lie groups the existence problem has also been studied by several authors (cf. 
[Arvj . [DSNj . |Sak2| h but a full classification is still unknown, except for some low dimensional cases. On 
the other hand, in a recent work of the authors f |AC S4 ) all G2-invariant Einstein metrics were obtained 
on the exceptional full flag manifold G2 /T (a homogeneous space with six isotropy summands). However, 
we are still far from general results and a complete classification of invariant Einstein metrics seems to be 
difficult (by means of the traditional methods). 

In the present paper we classify flag manifolds whose isotropy representation decomposes into five irre- 
ducible Ad(if)-submodules 

m = T a M = mi © m 2 © m 3 © m 4 © m 5 , (f) 

and use the new method to compute the Ricci tensor for each of these spaces. Then we study the existence 
of non Kahler Einstein metrics. The first results about Einstein metrics on flag manifolds with five isotropy 
summands were obtained in a recent work of the second author |Chr2j . where he studied 5 l O(7)-invariant 
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Einstein metrics for flag manifolds of the form SO(7)/K. Also, in [ChSa] the last two authors classified all 
homogeneous Einstein metrics for the (unique) exceptional flag manifold G/K with second Betti number 
6 2 (M) = 1, whose isotropy representation satisfies ([J). This flag manifold corresponds to G — Eg. As we 
will see in this paper there are also flag manifolds with five isotropy summands with 6 2 (M) — 2. In fact the 
cases 62 (AT) = 1 or b2{M) = 2 exhaust all flag manifolds with five isotropy summands, both classical and 
exceptional. 

Recall that any flag manifold G/K of a compact simple Lie group G is determined by a choice of a 
pair (n,IIo), where II is a system of simple roots for G and IIo C II. By painting black the nodes in the 
Dynkin diagram T(n) of G corresponding to the simple roots of the set II\IIo, we obtain the painted Dynkin 
diagram of G/K. The semisimple part of the reductive subgroup K is obtained by the subdiagram of white 
roots, and any black root gives rise to a U(l)-component (the U(l)-components form the center of K whose 
dimension is equal to the second Betti number of M, see Section 3). In terms of painted Dynkin diagrams, 
flag manifolds G/K of a simple Lie group G whose tangent space m = T Q (G/K) decomposes as (QJ can be 
obtained as follows: 

(a) Paint black one simple root of Dynkin marlQ 5, that is 

II\n = {a p : Mrk(a p ) = 5}. 

As mentioned earlier, case (a) appears only for G = Eg. 

(b) Paint black two simple roots, one of Dynkin mark 1 and one of Dynkin mark 2, that is 

II\II = {ai,cxj : Mrk(a l ) = 1, Mrk(a,-) = 2}. 

(c) Paint black two simple roots both of Dynkin mark 2, that is 

n\n = {ai,aj : Mrk(a 4 ) = Mrk(a i ) = 2}. 

We call the pairs (n,no) arising form cases (b) and (c) as pairs of Type A and Type B respectively. We will 
use the same name for the corresponding painting Dynkin diagrams and for the flag manifolds determined 
by them. According to |ACh31 Propositions 5 and 6] if M = G/K is of Type A or B then the corresponding 
isotropy decomposition is given as follows: 

Type A ^> m = mi © m 2 © m 3 © m 4 or m = mi © m 2 © m 3 © m-4 © m 5 . 

Type B m = mi © m 2 © m 3 © m.4 © m 5 or m = m x © m 2 © m 3 © rru © m 5 © m 6 . 

In Table 1 we give the pairs (II, IIo) of Type A and B, which determine flag manifolds G/K with m = 
ttli © • • • © tTi5- The explicit form of these flag manifolds is given in Table 2. 



Table 1. Pairs (II, IIo) of Type A and B which determine flag manifolds with five isotropy summnads 



Classical Lie group G 


B e = SO(2l + 1) 


D e = SO(2£) 


Type A 
TypeB 


n\n = {Qi, Qp+i : 2 < p < £ - 1} 
n\n = {a p , a p+ i :2<p<£-l} 


n\n = {qi,q p+ i : 2 < p < i ~ 3} 
n\n = {a p , a p+1 : 2 < p < £ - 3} 


Exceptional Lie group G 


E 6 


E7 


Type A 
Type A 
Type B 
Type B 


n\n = {011,0.4} 

n\n = {a 2 ,a 5 } 

n\n = {a 4 , a 6 } 

n\n = {a 2 ,a 6 } 


n\n = {ai, a 7 } 

n\n = {a 6 ,a 7 } 



For any Lie group G which appears in Table 1, one can see that the flag manifolds G/K of Type A and 
B are equivalent to each other (since the isotropy subgroups are conjug ate)@ In fact, in Section 4 we will 
prove that there is an isometry arising from the action of the Weyl group of G and makes the corresponding 
flag manifolds G/K of Type A and B isometric to each other, as real manifolds. For this reason there are 

^The Dynkin mark of a simple root ai E II (i = 1, . . . , £) is the positive integer m,; in the expression of the highest root 
5 = 53t_i m k a k m terms of simple roots. We will denote by Mrk the function Mrk : il — > Z" 1 ", ai i-> rru. 

2 Two flag manifolds G/K and G/K' are called equivalent if there exists an automorphism <j> £ Aut(G) such that <f>(K) = K' . 
Such an automorphism defines a diffeomorphism cf> : G/K — y G/K' given by (fr(gK) = <p(g)K' , which satisfies <f>(gx) = </>(g)<j>(x) 
for all g g G,x e G/K. 
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of G/K with respect to the decomposition 



base space. In this way we are able to calculate 



only four non isometric flag manifolds (as real manifolds) with b-i (M) = 2 with five isotropy summands as 
shown in Table 2. 

Table 2. Generalized flag manifolds with five isotropy summands and &2(M) = 2 
M = G/K classical M = G/K exceptional 

SO(2£ + 1)/ U(l) x U(p) x SO{2{£ - p - 1) + 1) E 6 / SU(4) x SU(2) x U(l) 2 
SO(2£)/U(l) x U(p) x SO(2(£-p- 1)) E 7 /SU(6) x U(l) 2 

The classification of flag manifolds with five isotropy summands is given in Section 4. 
The main difficulty in constructing the Einstein equation for a G-invariant metric on a flag manifold in 

\k~ 

Table 2 is the calculation of the non zero structure constants 

([T]) (see Section 2). A first step towards this procedure is to use the known Kahler-Einstein metric on any flag 
manifold. This metric can be computed by using the Koszul formula (see Section 5). Secondly, and this is 
the main contribution of the present paper, we take advantage of a fibration of a flag manifold over another 
flag manifold and use methods of Riemannian submersions to compare Ricci tensors of total space and 

in terms of the dimension of the submodules in the 

decomposition ([T]). We point out that this new technique can be useful for the study of homogeneous Einstein 
metrics for more general homogeneous spaces, whose isotropy representation satisfies certain conditions. In 
this way the Einstein equation reduces to a polynomial system of four equations in four unknowns. For 
the exceptional flag manifolds we classify all homogeneous Einstein metrics. For the classical flag manifolds 
a complete classification of homogeneous Einstein metrics in the general case is a difficult task, because 
the corresponding systems of equations depend on four positive parameters (which define the invariant 
Riemannian metric), the Einstein constant A > and the positive integers I and p. However, by using 
Grobner bases we can show that the equations are reduced to a polynomial equation of one variable and 
then prove the existence of non Kaler Einstein metrics. In fact, this is another contribution of the present 
paper, because we prove existence of real solutions for polynomial equations whose coefficients depend on 
parameters (£ and p). 

The paper is organized as follows: In Section 2 we discuss G-invariant metrics on homogeneous spaces 
G/K and compare them with Riemannian submersion metrics for a fibration L/K — > G/K — > G/L. Then 
we give expression for the Ricci tensor for a submersion metric. In Section 3 we recall various facts about 
generalized flag manifolds which will be used in Section 4 for the classification of such spaces with five isotropy 
summands. Combined with the work [ChSaj these spaces are Eg /(U(l) x SU(4) x SU(5)) with second Betti 
number I and the spaces in Table 2 with second Betti number 2. In Section 5 we give the Kahler-Einstein 
metrics for flag manifolds with five isotropy summands and in Section 6 we compute the Ricci tensor for these 
spaces by using our method of Riemannian submersions and the known Kahler-Einstein metrics. Section 7 
is devoted to the study of the algebraic systems of equations by using Grobner bases techniques. 

Theorem A. Let M = G/K be one of the flag manifolds E 6 /(SU(4) x SU(2) x U(l) x U(l )) or E 7 /(U(l) x 
U(6)). Then M admits exactly seven G-invariant Einstein metrics up to isometry. There are two Kahler- 
Einstein metrics and five non-Kahler Einstein metrics (up to scalar). These metrics are given in Theorems 
7.1 and 7.2. 

Theorem B. Let M = G/K be one of the flag manifolds SO(2£ + 1)/(U(1) x U(p) x SO(2(£-p- 1) + 1)) 
{£> 3, 3 <p< I- 1) or SO(2£)/(U(I) x U(p) x SO(2(^-p- 1))) (I > 5, 3 <p < £-3). Then M admits 
at least two G-invariant non-Kahler Einstein metrics (cf. Theorem 7.3). 

Theorem C. Let M = G/K be one of the flag manifolds SO{2£ + 1 )/(U(l ) x U(2) x SO(2^- 5)) (i > 6) or 
SO(2f)/(U(I) x U(2) x SO(2(f- 3))) (£ > 7). Then M admits at least four G-invariant non-Kahler Einstein 
metrics (cf. Theorem 7.4)- 

Note that the special case I = 3,p = 2 (the space SO(7)/U(l) x U(2)) was studied among other results in 
|Chr2] . This flag manifold admits (up to isometry) precisely three non-Kahler Einstein metrics and precisely 
two Kahler-Einstein metrics. For small values of I and p it is possible to obtain the precise number of all 
non isometric invariant Einstein metrics. We discuss this at the end of the paper (cf. Table 4). 
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2. Reductive homogeneous spaces and Riemannian submersions 



In this section we describe the Einstein equation for any G-invariant metric on a compact reductive 
homogeneous manifold G/K, and give expression of the Ricci tensor of a submersion metric associated to a 

\k~ 

certain fibration G/K —> G/L. This expression will be used in Chapter 6 to calculate 



with five isotropy summands. 



for flag manifolds 



2.1. The Ricci tensor for a reductive homogeneous spaces. Let G be a compact semisimple Lie 
group, K a connected closed subgroup of G and let g and 6 be the corresponding Lie algebras. The Killing 
form of g is negative definite, so we can define an Ad(G)-invariant inner product B on g given by B = — 
Killing form of g. Let g = J © m be a reductive decomposition of g with respect to B so that [6, m] C m 
and m = T (G/K). We assume that m admits a decomposition into mutually non equivalent irreducible 
Ad(i4T)-modules as follows: 

m = mi © • • • © m q . (2) 
Then any G-invariant metric on G/K can be expressed as 



= xrB 



nil 



x q B\ 



(3) 



for positive real numbers (xi, • • • ,x q ) € R+. Note that G-invariant symmetric covariant 2-tensors on G/K 
are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In 
particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as ©, that is 



= yi-B| mi 



VqB\x 



for some real numbers y\, . . . , y q . 

Let {e a } be a i?-orthonormal basis adapted to the decomposition of m, i.e. e a € for some i, and a < (3 



if i < j. We put Alp 



AZ oS.^, and set 



(Al y, where the 



B {[e a ,ep] , e 7 ) so that [e^e^] — / J J ^- a B 'r 

7 

sum is taken over all indices a, /3, 7 with e a € m^, ep € trij, e 7 £ rrifc (cf. WaZl]). Then the positive numbers 
are independent of the B-orthonormal bases chosen for m^rrij, , and 
Let dk = dimmfc. Then we have the following: 



k 




k 




j 


i.) 




ji 




ki 



Lemma 2.1. ([PaS^) The components r± 
on G/K are given by 

1 1 £ 



'"fc 



2xk 



Xk 

idk XjXi 



r q of the Ricci tensor r of the metric ( , ) of the form ([3]) 

(4) 



1 

2d~k 



E 



(fc = l, ...,q), 



where the sum is taken over i,j = 1, . . . , q. 



Since by assumption the submodules m^, rrij in the decomposition ^ are matually non equivalent for any 
i =/= j, it will be r(mi,m,j) = whenever i =/= j. Thus by Lemma 12.11 it follows that G-invariant Einstein 
metrics on M = G/K are exactly the positive real solutions g — [x\, . . . , x q ) £ of the polynomial system 
{n = A, ?'2 = A, . . . , r q = A}, where A € R+ is the Einstein constant. 

2.2. Riemannian submersions. Let G be a compact semisimple Lie group and K, L two closed subgroups 
of G with K C L. Then there is a natural fibration it : G/K — > G/L with fiber L/K. 

Let p be the orthogonal complement of [ in g with respect to B, and q be the orthogonal complement of 
J in t. Then we have 0=[ffip = tffiqffip. An Adc(i)-invariant scalar product on p defines a G-invariant 
metric g on G/L, and an Ad^i^-invariant scalar product on q defines an L-invariant metric g on L/K. 
The orthogonal direct sum for these scalar products on q © p defines a G-invariant metric g on G/K, called 
submersion metric. 



Theorem 2.2. |Be[ p. 257] The map ir is a Riemannian submersion from (G/K, g) to (G/L, g) with totally 
geodesic fibers isometric to (L/K, g). 
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Note that q is the vertical subspace of the submersion and p is the horizontal subspace. 
For a Riemannian submersion, O'Neill |ON] has introduced two tensors A and T. Since in our case the 
fibers are totally geodesic it is T = 0. We also have that 

A X Y = ^[X, Y] q for X,Yep. 

Let {Xi} be an orthonormal basis of p and {Uj} be an orthonormal basis of q. For 1,7 e p we put 
g{A x , A Y ) = y^g(A x Xj, A Y Xj). Then we have that 



g(A x , A y ) = \Y,9{[X, X^, [Y, X,] q ) 



(5) 



Let r, r be the Ricci tensors of the metrics g, g respectively. Then we have f jBel p. 244] 
r(X,Y) =f(X,Y) -2g(A x ,A Y ) for X,Yep. 



(G) 



We remark that there is a corresponding expression r(U, V) for vertical vectors, but it does not contribute 
additional information in our approach. 
Let 

p = pi©---©pf, q = qi © • - ■ © q s 

be a decomposition of p into irreducible Ad(L)-modules and a decomposition of q into irreducible Ad(K)- 
modules respectively, and assume that the Ad(L)-modules pj (J = 1, • • • ,£) are mutually non equivalent. 
Note that each irreducible component pj as Ad(I/)-module can be decomposed into irreducible Ad(K)- 

~k~\ 

for G/K, we use information from the Riemannian submersion 

7r : (G/K, g) — > (G/L, g) with totally geodesic fibers isometric to (L/K, g). We consider a G-invariant 
metric on G/K defined by a Riemannian submersion n : (G/K, g) — > (G/L, g) given by 



modules. To compute the values 



g = V\B\p x 



Pt 



ziB\ 



(J) 



for positive real numbers y%, ■ ■ ■ , yt, Z\, ■ ■ ■ ,z s . 

Then we decompose each irreducible component pj into irreducible Ad(i^)-modules 



where the Ad(if)-modules xsijt (j = 1, • • • , t, t = 1, • • • , kj) are mutually non equivalent and are chosen 
to be (up to reordering) submodules from the decomposition (2). Then the submersion metric ([7]) can be 
written as 



g = yi 



^ B \ra.i lt 



Vi 



ziBV 



(8) 



and this is a special case of the G-invariant metric (|3|). 

Lemma 2.3. Let dj.t = dimm^. The components r^ t ) (j = 1, • • • ,£, t = 1, - ■ ■ , kj) of the Ricci tensor r 
for the metric ([8j on G/K are given by 



r U,t) 



2d 



1 s 



\ ~t- 11:1 !h ' 



where fj are the components of Ricci tensor f for the metric g on G/L. 



(9) 



Proof. Let {e^ , &p } be a i?-orthonormal basis adapted to the decomposition of p © q = m^t © q j 



j * =1 



(with e^ t} e mj, t and ef e m). Put X^ = — e£'*> and xf = -L e f . Then {x^ t] ,xf\ 



is an 
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orthonormal basis of p ® q for the metric g. Then, by using equations ([5]) and ©, we obtain that 




E rVQaxW) = £ r(^, - \ E E ^ 

7=1 7=1 i j'.f 




Noting that jx^'*-' j is an orthonormal basis of mj.t, we obtain our claim. □ 



Notice that when metric ([7]) is viewed as a metric ([3]) then the horizontal part of t \ equals to r 
(j = 1, . . . ,£), i.e. it is independent of t. 



3. Generalized flag manifolds 



We recall some facts about generalized flag manifolds, concerning painted Dynkin diagrams, isotropy 
representation and t-roots. For simplicity we work with simple Lie algebras and groups (the results in the 
semisimple case are obtained by piecing together the simple factors). 

3.1. Description of flag manifolds in terms of painted Dynkin diagrams. Flag manifolds can be 
described in terms of root systems as follows: Let G be a compact connected simple Lie group with Lie 
algebra g, and let f) a maximal abelian subalgebra of g. We denote by g c and f) c their complexifications and 
we assume that dime f) c = I = rankG. We identify an element of the root system A of g c with respect to 
the Cartan subalgebra f) C with an element of t)o = V — If), by the duality defined by the Killing form of g c . 
This means that for any a € A we can define H a g f)o by a(H) = B(H a ,H) for any H € f) c . Consider the 
root space decomposition of g c relative to f) c , that is g c — f) c ® X) Q eA0Q> anc ^ ^ ^ = {ct 1 , . . . ,a z } be a 
system of simple roots A. We denote by {A 1; . . . , A ; } the fundamental weights of g c corresponding to II, 

that is — 4- = for any 1 < i,j < I. 

Let II be a subset of II and set II m = II\n = {a i%1 . . . ,a i }, where 1 < i\ < ■ ■ ■ < i r < I. We put 
A = A n {n } z = {(3 G A : (3 — J2 ai <£n ^ e where {II } Z denotes the set of roots generated by 

IIo with integer coefficients (this is a the subspace of f)o)- Then Ao is a root subsystem of A, which means 
that for any a, j3 £ Ao with a + /? € A it is also a + j3 € Ao . Thus Ao generates a maximal complex reductive 
Lie subalgebra J c = f) c ® L/JeA of C > tnat is * C = 3 ® C where 3 is the center of £ c and tf s = [t c , t c ] 
is its semisimple part. In fact, Ao is the root system of t^ s , and IIo is the correpsonding system of simple 
roots. Thus we can obtain the decomposition = f) 1 ^- ® X) Q eA fa- Here [)§- = span c {i? a : a € Ho} C () c 
is the Cartan subalgebra of tg S in f) c . Note that the center 3 (always non trivial) can be considered as the 
orthogonal complement of f)§- in f) c (with respect to the Killing form), that is f) c = 3. 

Definition 3.1. T/ie roots of the set A m = A\Ao are called complemetary roots. 

Note that A m is not a root system in general. Choose a system of positive roots A + for g c with respect 
to n and set A± = A ± \A t , where A^ = A ± n {U } z and A" = {-a : a e A+}. Then, the set 
A n „ = A U A+ = A U (A+\A f ) = A U A+ is a root subsystem of A ( [AleTl p. 16]) and the subalgebra 



is a parabolic subalgebra of g c , since it contains the Borel subalgebra b = f) c ® J2aeA+ Ba c fl C - I n 
particular, we have a direct decomposition pn = ^ c ffir, where r = X) Q eA+ 0q ^ s *^e nilradical of p (a regular 
nilpotent subalgebra of g c ). It is known that any parabolic subalgebra is conjugate to a subalgebra of the 
form pn for some subset LI C II, (cf. |Alelj . [GOV] ). Note that the cases II = and il = II define the 
spaces b and g c respectively. In this way we can construct a flag manifold M = G c /P, where G c is the 
simply connected complex simple Lie group whose Lie algebra is g c and P C G c is the parabolic subgroup 
generated by pn - Since P is always connected, the flag manifold is a (compact) simply connected complex 
homogeneous manifold. The real representation M = G/K = G/C{S) is obtained by the transitive action 
of G on M = G c /P, where the close connected subgroup K = P fl G is identified with the centralizer C(S) 
of a torus S C G (cf. [AleT] . [GOV] ). Thus we always have rkG = rkK. 




(10) 
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Fix now a Weyl basis E a A) with 

[E a ,E- a ] = -H a (a£A) 

N a ,fsE a+f ) if a + (3eA 



[Ea > Ef)] - { if a + (3{A, 

where N a , p = N- a> _^ € R. Then we have 

= f)+ J2 {^(E a + E- a )+RV^l(E a -E- Q )} (11) 

The Lie algebra { = pn H Q of the isotropy subgroup if is a Lie subalgebra of g, given by 

t = h+ ^ {R(£ Q +£:_ Q )+M\/^T(£; Q (12) 
a eA+ 

As a real reductive subalgebra, t decomposes into a direct sum of its center t and its semisimple part [{, t] . 
Note that 

t = 3 nf)o = {ffei)o:(ff, n ) =o}, 

where ( , ) denotes the inner product on f)o (or on the dual space fjg) induced by the Killing form and 3 is 
the center of t c . One can also show that the fundamental weights {Aj , • • • , A ir } form a basis of t and that 
t is a real form of 3. If we set s = \J — It then t is given by 6 = 3(0) (the Lie algebra of the centralizer of a 
torus S in G). 

All information which is contained in the pair (II, LTo) can be presented graphicaly by the painted Dynkin 
diagram of M = G c /P = G/K, which is defined as follows: 

Definition 3.2. Let F(II) be the Dynkin diagram of II. By painting black in T(H) the simple roots on £ 
LT m = n\IIo we obtain the painted Dynkin diagram F(II m ) of M . 

The isotropy subgroup K can be determined from the painted Dynkin diagram F(II m )as follows: its 
semisimple part is defined by the subdiagram of white roots (which is not necessarily connected) , and each 
black root gives rise to a U(l)-component which determines the center Z(K) of K . We will often make use 
of the diffeomorphism SU(ri) x U(l) = U(n). 

3.2. Isotropy summands, t-roots and G-invariant Riemannian metrics. Following the notation of 
the previous paragraph, we assume that a flag manifold M — G c /P = G/K is defined by a subset LTo C LT, 
such that LT m = n\n o = {a i± , . . . ,ct ir }, where 1 < i\ < ■ ■ ■ < i r < I, and let g = % © m be a reductive 
decomposition of the Lie algebra g with respect B. We identify the isotropy representation \ : K — > GL(m) 
of G/K with the adjoint representation Ad \k restricted to m. In view of relations (fTTj). (|12p and the splitting 
A+ = A+\ Aj it follows that 

m= J2 { R ( E * +E- a )®RV^l(E a -E_ a )} . (13) 

Thus a basis of m consists of the vectors {A a = (E a + E^ a ), B a = \/—l{E a — E- a ) : a £ A+}. 
For integers ji, . . . ,j r with (ji, . . . , j r ) ^ (0, . . . , 0) we set 

A m (jl, . . . ,j r ) = I ^2 m 3 a 3 e A+ : m h = Ji) • • • ) m i r =3r l C A+. 

Then it is A+ = A+\A+ = (J A m (ji, . . . J r ). For A m (ji, . . . J r ) ^ we define an Ad(#)-mvariant 

3'lv.ir 

subspace m(ji, . . . J r ) of q by 

m(ji,...,jV)= {^A a +RB a }. 

aeA™(ii,...,j r ) 

Thus we have a decomposition of m into mutually non equivalent irreducible AdG(^)-modules m(ji, . . . J r ) 
asm = '52j 1 ,...,j r m (ju---Jr)- 
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We consider the restriction map K : fjj — > t*, a H> a| t and note that this is a linear map. We set 
A t = «(A), k(Ao) = 0. 

Definition 3.3. The elements of A t are called i-roots. 

Let m c = T a (G/K) c be the complexification of m. Then it is m c = X) Q eA 0q ana - ^ nus a basis of m c is 
given by the root vectors {E a : a G A m }. 

Proposition 3.4. f jAlel) . |AlPej ) There exists a 1-1 correspondence between i-roots £ and irreducible sub- 
modules rri£ of the Adc{K) -module m c given by 

A t 5 ^ m e = ^ fl= 

{aeA m :n(a)={} 

By using Proposition [HH] and the definition of t- roots, it follows that the Adc (if)-module m c admits the 
decomposition m c = X^gA t m C- ^ we denote by Af the set of all positive t- roots (this is the restricton of 
the root system A + under the map k), then the nilradical is given by r = X!{gA+ m (- 

In order to obtain a decomposition of the real Ad(X)-module m in terms of t-roots, we use the complex 
conjugation r of g c with respect to g (note that r interchanges and £J^ Q ). For a complex subspace W of 
C we denote by W T the set of all fixed points of r. Then 

m= K©m^) r . (14) 

«eA+ 

Let A^~ = {£i, ■ • ■ Then Proposition 13.41 and relations ([13]), ((14)) imply that each real irreducible 

ad(f)-submodule m, = (m^ © m—£ i ) T (1 < i < q) corresponding to the positive t-root is given by 

m t = J2 {mE a +E_ a )+RV^l(E a -E^ a )}. (15) 

{q£A+ : K(a)=£;} 

The results obtained in the previous discussion are summarized in the following: 

Proposition 3.5. Let M — G/K be a generalized flag manifold defined by a subset IIo C II such that 
ll m = n\IIo = {ctij , . . . , cti r } with 1 < i\ < • • • < i r < I. Assume that g — - 1 © m is a B -orthogonal reductive 
decomposition. Then 

1) There exists a natural one-to-one correspondence between elements of the set A m (ji, . . . ,j r ) ^ and the 
set of positive i-roots Af = . . . ,£ g }. Thus there is a decomposition of m into q mutually non- equivalent 
irreducible Ad(K)-modules 

q 

m = H K©m_ ? ) T = ^(m^©m_^) T = Yj m C?"i» • ■ • . >), 

for appropriate positive integers ji , . . . , j r . 

2) The dimensions of the real Ad(K)-modules (i = 1, . . . , q) corresponding to the i-root & G A^ are 
given by dimKtrii = 2 • \{a £ A+ : n(a) — ^}| = 2 • |A m (ji, . . . , j r )\, for appropriate positive integers 

3) Any G-invariant Riemannian metric g on G/K can be expressed as 

q 

9= x € B\ {mt+m _ tr =^2x Si B\^ i+m _ (i y = ^ x jx ... jr B\ m{ju ... >jr) (16) 

for positive real numbers Thus G-invariant Riemannian metrics on M — G/K are 

parametrized by q real positive parameters. 



^We denote by |S| the cardinality of a finite set S. 
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We now show how we can find explicitly the set of t-roots A t . Let n t = = ajJt : a*. 6 n m }. This 
set is a basis of t* in the sense that any t-root can be written as a linear combination of its elements with 
integer coefficients of the same sign. In particular, by using the fact that k(Aq) = we have that 



n(a) = k il a il H h k ir a ir , (a € A+). (17) 



Here the positive integers ku satisfy < ki. < rrii j , where rrii- is the Dynkin mark of the simple root 
Q-U S n m , and are not simultaneously zero. Therefore, by using the expressions of the complementary roots 
in terms of simple roots, and applying formula (|17p . we can easily determine all positive t-roots. Elements 
of lit are called simple t-roots and they generalize the notion of simple roots (this means that a simple t-root 
K(ai j ) = ai j |i = cti j G IT is a positive t-root, which can not be written as the sum of two positive t-roots). 

Example 3.6. Flag manifolds of C e = Sp(£) ( [ACS3j K Consider the flag manifolds M = G/K = 
Sp(0/(U(» x U(q) x Sp(^ -p-q)) with £ > 3 and 1 < p, q,p + q < £ - 1. This space is defined by the 
painted Dynkin diagram r(II m ) with II m = {a p , a p + q : Mrk(a p ) = Mrk(a p + 9 ) = 2} that is 



and thus M is of Type B (cf. Introduction). We will show that m = T Q M decomposes into a direct sum of 
six pairwise inequivalent Ad(if)-submodules, thus M does not appear in Table 2. Following the notation 
of [AlArl p. 3781], we consider an orthonormal basis of R e given by {ej, e|, iik} with 1 < i < p and 1 < j < q 
and 1 < k < £ — p — q. Then a system of positive roots for Cg is given by 



A- 



= {e\ ± e) : 1 < i < j < p} U {e\ ± e) : 1 < i < p, 1 < j < q} U {e\ ± e) : 1 < i < j < q} 
U {el ± TT k : 1 < i < p, 1 < k < £ - p - q} U {e] ± 7r fc : 1 < j < q, 1 < k < £ - p - q} 
U ± TTj : 1 < i < j < £ - p - q} U {2e], 2e 2 }1 2n k }. 

A basis of simple roots is given by 

II = {ai = e{-el,..., a p _i = e\_ x - e p , a p = - ej} 

U {a p+ i = e\ - e\, ... , a p+q -i = e\_ x - e 2 q , . . . , a p+q =e\- tti] 

U {(f>l = 7Tl — 7T2, . . • , 4>£- p -q-l = TTe- p -q~l — TTg-p-q, <t>Z- p -q = 2ltl- p - q }. 

The root system of the semisimple part of the isotropy subgroup K is given by 

A+ = {e\ - e) : 1 < i < j < p} U {ej - e) : 1 < i < j < q} U { vr, ± n h 2n k : 1 < i < j < £ - p - q}, 



thus the positive complementary roots are A+ = {e\ + ej, e\ ± e 2 7 e| + e|, e\ ± 7Tfc, e 2 ± 7Tfc, 2ej, 2e|}. 
Let a = X)fe=i c kO-k € A+. Since IT m = {a p ,a p+g }, by applying relation p7|) we obtain that n(a) — 
c p a p + c p +qa. p + q € A^~. Here the coefficients c p ,c p + q are such that < c pi c p+q < 2, and they are not 
simultaneously equal to zero. In particular, by expressing the positive complementary roots in terms of the 
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simple roots we obtain that 



n{e\ + e}) 


= 


n{a % H + a, + 


2a J+ i + • • • + 2ctp + • • 


• + 2 


a p+q + 20i H h 4>£- P ~ q ) 




= 


2a p + 2a g , 










n{e\ + ej) 


= 


«(c\!j + ■ • • + Q!p + 




- a p +j + 2ap + j +1 - 


1 


+ 2a p+q + 20i H h 0£_p_ 9 ) 


K ( e l _ e 2 ) 

rv V c i C J I 




k( fy^ -4- • • • A- f\„ A- 




h a p+j ) = a p , 






i „2n 

n{e l + e 3 ) 


i>p 


+ • • • + ay + 




hi H + 2ctp +(? + 


20i 


H h (pe-p-q) = 2a p+g , 


n{e\ - 7T fe ) 




«(ai + ••• + %,+ 




1- a p+g + 0i H 1 


- 0fc- 


1 ) = Sp + «p+ g 


n{e\ + 7r fe ) 




+ ■ • • + ap + 




r- a p+q + 0i H 1 


- 0fc- 


i + 20 fc H h (f>e-p-q) =a p + a p+q , 




3>_P 


re (ay + • • • a p+9 + 


0i H 


h 0fe-i) = a p+q , 




n(e 2 3 + 7T k ) 


3>P 


re(ay + ■ ■ • a p+q + 


0i H 


h 0fe-i + 20fc 


+ ■ ■ 


+ 4>l-p-q) = tt p+ q, 


«(2eJ) 




re(2aj + • • • + 2ctp 


+ •• 


• + 2cip +9 + 20i + 


\ 


- 2<t>i~p-q-i + <f>e- P -q) = 2Sp + 2a p+g 


«(2<^) 


3>P 


K(2oij + • • • + 2a p 


+9 + 


20i + ■ ■ ■ + 20£_p 


-9-1 


+ 4>e~ P -q) = 2a p+q . 



Thus the set of {.-roots is given by = {a p , a p+q , a p + a p + q , 2a p+q , a p + 2a p+q , 2a p + 2a p + q } and 
according to Proposition 13.51 (1) we obtain the decomposition m = mi © rri2 © rrt3 © 1TI4 © m.5 © rri6 = 
m(l, 0) © m(0, 1) © m(l, 1) © m(0, 2) © m(l, 2) © m(2, 2). Note that the exception p + q = £ determines the 
space M — Sp(^)/(U(p) x U(g)) with four isotropy summands, since in this case the t-roots are given by 
= {Sp, a e , a p + a e , 2a p + a e } f |ACh3| ). 

4. Flag manifolds with five isotropy summnads 

4.1. On the isotropy represantation of flag manifolds. Proposition 13.51 provides all the necessary 
ingredients for the classification of flag manifolds with a certain number of isotropy summands. However, 
we essentially need to work on a case by case basis, which means that in the Dynkin diagram r(IT) of each 
simple Lie group G we need to paint black all possible combinations of roots of certain Dynkin marks. A 
systematic approach for flag manifolds determined by a classical Lie group is given in |Ale2) . but be aware 
of certain misprints. Recall that isotropy irreducible flag manifolds are the isotropy irreducible Hcrmitian 
symmetric spaces of compact type, and are determined by painting black exactly one simple root of Dynkin 
mark 1. Flag manifolds with two isotropy summnads were classified in AChl . These spaces are determined 
by pairs (IT, Ilo) such that n\IIo = {a p : Mrk(ap) = 2}. Flag manifolds with three isotropy summands were 
classified in |Kimj . where it was shown that such spaces are defined by pairs (II, n ) with that n\IIo = {a p : 
Mrk(a p ) = 3} or n\n = {ai,a.j : Mrk(o!j) = Mrk(a 3 ) = 1}. Finally, the classification of all flag manifolds 
with four isotropy summands was given in ACh3 a , where it was shown that such spaces are determined 
by pairs (II,n ) such that n\n = {a p : Mrk(ap) = 4} or n\n = {a^otj : Mrk(a 4 ) = 1, Mrk(a j ) = 2} 
(however the correpsondence with the second type of pairs is not one-to-one, see the Introduction). 

In this section we will prove that the only generalized flag manifolds G/K (different from the space 
Es/U(l) x SU(4) x SU(5)), whose isotropy representation decomposes into five isotropy summands are 
the spaces determined by the pairs (II, Ilo) of Types A and B presented in Table 1 in the Introduction. 
Furthermore, we will show that these pairs define isometric flag manifolds (as real manifolds), in the sense 
that there is an isometry which permutes the associated isotropy summands and identifies the different 
reductive decompositions (which are defined by the different pairs (IT, n )). Therefore, our study focuces at 
the spaces listed in Table 2. This isometry (which is induced by the action of the associated Weyl group on 
the root system of G) enables us to study the classification problem of homogeneous Einstein metrics only 
for one possible pair (II, Ilo), therefore we will only work with flag manifolds of Type A. 

4.2. The classification of flag manifolds with five isotropy summnads. As mentioned in the In- 
troduction, all flag manifolds of Types A and B are such that b2(M) = 2, which means that LT m = n\no 
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contains only two simple roots. For convenience of the reader in Table 3 we present all possible pairs (II, IIo) 
which determine flag manifolds with 62 (M) = 2 (for completeness we also include those which determine 
flag manifolds with b2{M) = 1). In this table, the first column contains the first Betti number, the second 
column indicates the Dynkin marks of the roots painted black, the third column shows the number q of 
isotropy summands of the flag manifolds obtained (in some cases there are more than one possibilities), the 
fourth column shows for which Lie groups can arise such pairs (and thus such flag manifolds), and the last 
column gives references for the homogeneous Einstein metrics on the corresponding spaces. 



Table 3. The isotropy representation and Einstein metrics on flag manifolds M — G/K with 62 (M) — 1 or 2 



62 (M) 


Dynkin 


marks of n\ITo 




m = 




Type of G 


Einstein metrics 


1 


Mrk(a p 


= 1 




q = 


1 


Irred. Symmetric space 


EH 


1 


Mrk(a p 


= 2 




Q = 


2 


Bt , Ce, Dt, G2, F4, E6, E7, Eg 


IACh2l 


1 


Mrk(a p 


= 3 




Q = 


3 


G2, F 4 , E 6 , E 7 , E g 


IKiml. lAnChl 


1 


Mrk(a p 


= 4 




q = 


4 


F 4 , E 7 , Eg 


[ACh3| 


1 


Mrk(a p 


= 5 




q = 


5 


Eg 


|ChSa| 


1 


Mrk(a p 


= 6 




q = 


6 


Eg 


[ChSaj. ooen 


2 


Mrk(a p 


= l,Mrk(a 9 ) = 


1 


q = 


3 




[Kimj 


2 


Mrk(a p 


= l,Mrk(a 9 ) = 


2 


q = 


4,5 


Bt,Ce,Di, E6, E7 


[ACh3j. [ACSlj. [ACS2j 


2 


Mrk(a p 


= l,Mrk(a 9 ) = 


3 


q = 


6 


Ee, E7 


open 


2 


Mrk(a p 


= l,Mrk(a 9 ) = 


4 


q = 


8 


E7 


open 


2 


Mrk(a p 


= 2,Mrk(a 9 ) = 


2 


q = 


5,6 


Bt,Ce,De, F4, Eg, E7, Eg 


|ACS3|, |Chr2|, ooen 


2 


Mrk(a p 


= 2,Mrk(a 9 ) = 


3 


q = 


6, 7,8 


G2,F 4 ,Eg,E 7 ,Eg 


[ACS4j. oDen 


2 


Mrk(a p 


= 2, Mrk(a 9 ) = 


4 


q = 


6, 7,8 


F 4 ,E 7 ,Eg 


open 


2 


Mrk(a p 


= 2,Mrk(a q ) = 


5 


q 


10 


Eg 


open 


2 


Mrk(a p 


= 2,Mrk(a q ) = 


6 


7 = 


11 


Eg 


open 


2 


Mrk(a p 


= 3,Mrk(a 9 ) = 


3 


q = 


8,9 


E7, Eg 


open 


2 


Mrk(a p 


= 3,Mrk(a 9 ) = 


4 


q = 


8,9,10 


F4, E7, Eg 


open 


2 


Mrk(a p 


= 3,Mrk(a 9 ) = 


5 


q = 


10,11 


Eg 


open 


2 


Mrk(a p 


= 3,Mrk(a 9 ) = 


6 


q = 


10, 14 


Eg 


open 


2 


Mrk(a p 


= 4,Mrk(a 9 ) = 


4 


q 


12 


Eg 


open 


2 


Mrk(a p 


= 4,Mrk(a 9 ) = 


5 


<< = 


10, 11 


Eg 


open 


2 


Mrk(a p 


= 4,Mrk(a 9 ) = 


6 


q 


11, 14 


Eg 


open 


2 


Mrk(a p 


= 5,Mrk(a q ) = 


6 


<< = 


12 


Eg 


open 



In order to show that flag manifolds with five isotropy summnands (different from the space Eg / U(l) x 
SU(4) x SU(5) with &2(M) = f) are determined only by the pairs (II, n ) presented in Table 1 of the 
Introduction, we proceed into two steps. First we show that the spaces determined by the pairs in Table 
1 have in fact five isotropy summands. Next, we prove that the other existing pairs (II, IIo) of Type B 
determine flag manifolds whose positive t-root system contains more than five elements. Note that pairs 
of Type A are excluded form the study due to |ACh3[ Prop. 5] and the first step. All other pairs (n, no) 
such that n\no = {a^ay} and different from Types A and B can be treated in a similar manner, so we 
refer to |ACh31 Prop. 6] for further details and Table 3 the final results. 

We need the following useful 

Lemma 4.1. Generalized flag manifolds M — G/K with 62 (M) > 3 have more than five isotropy summands. 

Proof. At first we consider the case of b 2 {M) = 3 and the simple Lie groups Ag. We assume that the subset 
no C n is such that n m = n\IIo = {on, Oij , afc} where i, j, k are different each other. Then t is 3-dimensional 
and a t-basis is given by n t = {cti = a.i\.,aj — aj\.,ak — a fc| t } and that Mrk(ai) = Mrk(<x/) = Mrk(afe) = 1. 
Let a = X) p _j CpOtp € be a positive complementary root. Then, by applying (|17p we conclude that any 
positive t-root is given by n(a) — ciai + CjCtj + c^a^. , where < c, , c 3 ■ , Ck < 1 cannot be simultaneosuly equal 
to zero and we see that the system consists of the t- roots 5j, ay, Sfc, ~on ctj +Sfc, Si + cij + a^- 

Thus |Aj I > 5 and m = T a M decomposes into more than five isotropy summands. If b%{M) > 3, then we 
see that the system contains the t-roots of the form a,, oij, oik, cti oij +Sfe, oii + oij + oik, an d 

hence we see > 5. 
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Now consider the case when the Dynkin diagram of a simple Lie algebra contains the Dynkin subdiagram 
of type A m and it contains these roots {oti,aj, a^}. Then we see that |A^~| > 5. The other cases are Dg 
with {oti,a£-i, ag}, Eq, £7 and Eg. But for the case of Dg with {ai,ag-i, ag} we see that |A^| > 5. If 
-Eg, E7 or E s contains the Dynkin subdiagram of type D m which contains these roots {ai, a m _i, a m }, then 
we see that lA^I > 5. For the case Eq with {ai,a§, a^} we can see that |A^| > 5. If £7 or Eg contains 
the Dynkin subdiagram of type E$ which contains these roots {on, ctj, oik}, then we see that |A^~| > 5. The 
remaining cases are E-j with {a.\,a.Q, 07} and Eg with {0^,07, ctg} where i = 1,2,3. For these cases it is 
easy to see that |A+| > 5. □ 

Thus flag manifolds with five isotropy summands are determined by pairs (II, Ho) with |II \ IIo| = 2. 

Proposition 4.2. Let G be a compact connected simple Lie group and let II = {a\, . . . , ae} be a system of 
simple roots of the associated root system of G. Consider a subset Hq C II of simple roots, such that II\IIo 
contains exactly two simple roots. Then, the only pairs (II, IIo) which determine flag manifolds G / K whose 
isotropy representation decomposes into five pairwise inquivalent irreducible Ad(K)-submodules are the pairs 
of Type A and B presented in Table 1 of the Lntroduction. 

Proof. Step 1. We follow the notation of |AlArj or |ACh3] (see also [GOV]) for the root systems of the 
simple Lie algebras, their fundamental systems of simple roots and the associated expressions of the highest 
root a, 

Case of Be, = SO(2l + 1) : Type A. Let n\n = II n = {a x ,a p+ i : 2 < p < I - 1}. This choice 

corresponds to the painted Dynkin diagram 

ai 0:2 a p+i cte-i Q.i 

which determines the flag manifold M = SO(2£ + 1)/(U(1) x V(p) x SO(2(£-p-l) + 1)) with 2 < p < I- 1 
and I > 3. Let n be a B-orthogonal complement of the isotropy subalgebra t in g — so(2£ + 1), that is 
g = t ® n with [t, n] C n. We will prove that the Ad(£T)-module n = T a M decomposes into a direct sum of 
five non equivalent Ad(K)- submodules (i = 1, . . . , 5) whose dimensions are given by pip . 

Let {e\, ef, ttj} be an orthonormal basis of M. e with 1 < i < p and 1 < j < I — p — 1. The positive root 
system A+ of SO (2£ + 1) is given by (see |AlAr| 1 

A+ = {el ± e\ : 1 < i < p} U { e\ ± e] : 1 < i < j < p} U {el ± irj : 1 < j < i - p - 1} 

U {e? ± TTj, : 1 < i < p, 1 < j < I - p - 1} U {%i ± tt,- : 1 < i < j < £ - p - 1} 

U { e\, e\ : 1 < i < p} U {irj : 1 < j < I -p - 1}. 

We will denote a basis of simple roots by 

tt / \ r 1 1 22 22 2 

ll(nj = {ai = e x — e 2 , a 2 = e x - e 2 , . . . , a p = e p _ 1 - e p , a p+1 =e p - m, 

4>1 = TTl — T2) • • • j 0£-p-2 = — TT£-p-l, fii-p-l = ^l-p-l}- 

It is A+ = {ef — e|, iTi±irj, nj} and thus the positive complementary roots are given by A+ = {e\±ef, ef + 

e 2 j, e{±nj, ef±iTj, e\, ef}. According to (fT7|) for any a = Yfk=i °k a k € A+ it will be n(a) = c{a\ + c p+ ia p+ i 
with < ci < 1 and < c p+ \ < 2. In particular, by expressing the complementary roots in terms of simple 
roots we obtain that 



(el 


2\ 

- ej 


— k(«i + 


a ■> 


H h — oil, 






(el 


+ e?) 


= k(«i + 




+ at + 2a i+ i + ■ ■ ■ 2a p +i 


+ 20i + • • • + 2rj>i- p 


-1) = cti + 2a p+ i, 


1 2 
(ei 


+ e)) 


= n(a i+ i 


+ ■ 


■ ■ ctj + 2aj + i + ■ ■ ■ 2a p +i 


+ 2</>i + ■ ■ ■ + 2(f>e- p 


_i) = 2a p+ i, 


(el 


- T>) 


= k(qi + 




+ a p+1 + 0i H ^j-i) = 


= Ql + Q.p+1 




(el 




= k(«i + 




+ otp+i + <f>i + ■ ■ ■ + 4>j-i 


+ 2(f>j + 20j + i + • • • 


+ 20j>_p_i) = Si + a p +i 


( e i 




= K(a i+ i 


+ ■ 


■ ■ + Qp+i + 4>i + ■ ■ ■ + 4>j 


-1 + 2<f>j + ■ ■ ■ + 2<j>e 


-p-i) = 


/ 2 
( e i 




= n(a i+ i 


+ ■ 


■ ■ + ap+i + 4>i + ■ ■ ■ + 4>j 


-1) = «p+i 5 






/t(el) 


— n(ai + 




+ (pe-p-i) = ai + Qp+i, 








K(el) 


= n(a i+1 


+ ■ 


■ ■ + a p+ i + 4>i + ■ ■ • + <f>e 


-p-i) = a p+1 . 
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Let A(n)^~ be the associated system of positive t-roots. Then it follows that A(n)f = {ai, otp+i, ol\ 
ciip+i, 2a p+ i, 7x\ + 2a p +i}, and thus according to Proposition 13.51 (1) we obtain the decomposition 



n = m © n 2 © n 3 © n 4 © n 5 = n(l, 0) © n(0, 1) © n(l, 1) © n(0, 2) © n(l, 2), 
where the submodules rij are given by 



(18) 



til 


= n(l,0) = 


E o 


L4 Q + 


WLB a } 




{IM Q + RB a } 






a£A"(1.0) 






q£A+ 


: /t(a)— ai 


112 


= n(0,l) = 


E o 


lA a + 


RB a } 










q£A»(0,1) 






a£A+ 


: fc(a)=a p+ i 


n 3 


= n(l,l) = 


E 


lA a + 


RB a } 










a£A»(l,l) 






a£A+ 


: K,(a)=a 1 +a p+1 


«U 


= n(0,2) = 


E o 


lA a + 


RB a } 




{RA a +RB a } 






a£A n (0,2) 






QGA+ 


: K,(a)=2a p+1 




= n(l,2) = 


E 


lA a + 


RB a } 




^2 {RA a +RB a } 






q6A«(1,2) 






aGA+ 


: K(a)=ai+2a p+ i 



(19) 



The sets A n (ji, j 2 ) are given by 



A"(1,0) = {e\-e1:l<i<p}, 

A n (0,l) = {efiTTj ■: 1 < i <p, 1 < j < £-p- l}U{ef : 1 < i <p}, 

A n (l,l) = {ejix,-, e\:l<j<£-p-l}, 

A n (0,2) = {e? + e?:l<i<J<p}, 
A"(l,2) 



{e\+ef:l<i<p}. 



(20) 



Thus by applying Proposition 13.51 (2) , we conclude that the dimensions of these submodules are given as 
follows: 

dim R ni = 2 • \{a € A+ : n(a) = a>i}\ = 2 ■ |A n (l, 0)| = 2p, 

dim R n 2 = 2-|{ae A+ : k(«) = a p+ i}| = 2 • | A n (0, 1)| = 2p(2£ - 2p - 1) , 

dim R n 3 = 2-|{aeA+:rt(a)=S 1 +a p+1 }|=2-|A«(l ) l)|=2(2£-2p-l), J> (21) 

dim R n 4 = 2-\{ae A+ :,<«) = 25 p+1 }| = 2 • |A n (0, 2)| = p(p - 1), 

dim R n 5 = 2 • |{o e A+ : «;(«) = Si + 2a p+ i}| = 2 • |A n (l, 2)| = 2p. 

Note that for p = £ — 1, that is II n = {ai, }, we have the following painted Dynkin diagram 

1 2 2 2 2^^2 

The corresponding flag manifold M = SO(2£ + 1)/U(l) x U{£— 1) (£ > 3) has also five isotropy summands. 
However, note that the relation (a^ai) — ( a p+i, a p+i) (3 < p < ^ — 2) is no longer true. It means that for 
the case p = £ — 1 the painted black simple roots have different lengths. 

Case of B t = SO{2£ + 1) : Type B. We now assume that the pair (II, n ) is of Type B, that is n\n = 
n m = {oL p , a p +i : 2 < p < £ — 1}. This choice corrsponds to the following painted Dynkin diagram: 

Ql Ct2 Otp Qp+1 Ott-l Oil 



which also defines the flag manifold M = SO(2^+ 1)/(U(1) x U(p) x SO(2(£-p - 1) + 1)) with 2 < p < £- 1 
and £ > 3. Let g — { © m be a reductive decomposition of g = so(2£ + 1), with respect to B. Similarly with 
Type A, we consider an orthonormal basis of R e given by {e\, ef, iTj} with 1 < i < p and I < j < £ — p — 1. 
Then, a system of positive roots is given by 

A+ = {e\ ± e) : 1 < i < j < p} U {e\ ± e\ : 1 < i < p} U {e] ± 7Tj ■ : 1 < z < p, 1 < j < ^ - p - 1} 
U{el ± 7Tj- : 1 < j < £ - p - 1} U ± Kj : 1 < i < j < t - p - 1} 
U{e?, e, 1 : 1 < i < p} U {tt, : 1 < j < £ - p - 1}. 
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In this case, we denote a base of simple roots by 



n(m) = {ai = e\ — e 2 , a 2 = e 2 



"3> ■ 



*p-l 



e\, a p+ i = e\ 



7Tl - 7T 2 , 



-p-2 — 7T£-p-2 ^ T<-p-li 



7C«_p_l}. 



The root system of the semisimple part of the isotropy subgroup K is given by Aq 
i < j} and thus the positive complementary roots are of the form 

A m = i e l + e}' e « ± e i> e i ± ^ e i ± n i> e i> e i '■ i < j}- 



■ ej , 7T 4 ± 7Tj , 7Tj 



Choose a = X)fe=i Cfe^fe € A+. Since II m = {ap, ap+i}, by applying relation (|17[) we obtain that k(o?) = 
CpSp + Cp+iSp+i € A(m)/~ where A(m)^ is the associated system of positive t-roots. Here the coefficients 
Cp,c p +i are such that < c p < 2, and < c p +i < 2, and they are not simultaneously equal to zero. By 
expressing the complementary roots in terms of simple roots we conclude that A(m)^~ = {a p ,ap+i,a p + 



a p + 


2a p+ i 


, 2ap 


+ 2a p+ i}. 


Indeed 


it is 






n{e\ 


-el) 






f ... 


+ Ctp) = 


= Qp, 






K(e\ 


+ ei) 






I 


+ a p + 


2a p+ i 


+ 20i H 


!-••• + 20£_ p _i) = a p + 2ap + i, 


K(e\ 


+ e)) 






I 


+ 2a j ~ 


h 


2ap + 2a p+ i 


+ 20i + ■ ■ • + 20£_p_i) = 2a p + 2a? p+ i, 


K{e\ 








I 


+ a p + 


a P +i - 


f 0i H Vq 


'j') = s p + «p+i 


«(e,- 


+ TTj) 






I 


+ a p + 


a p +i - 


f 0i + • ■ ■ + q 


}j + 20 i+1 H h 20£_ p _i) = Sp + a p+ i 


n(e\ 


-TTj) 




k(V 


-i + 


(pi + ■■■ 


+ </>,) 


— 5fp+i) 




n{e\ 








-i + 


4>i + ■■■ 


+ <t>j- 


f 20j- + i H 


+ 20c_p_i) = 5p+i, 










-i + 


01 + ■■■ 


+ 4>e- 


p-i) = Sp+i, 










«(0!j 


I 


+ a p + 


CUp + l - 


f 0i H Vq 


U-p-l) = "p + 5p+i. 



Thus, by applying Proposition 13.51 (1) we conclude that the associated isotropy representation decomposes 
into a direct sum of five isotropy summands, i.e. 



m = mi © m 2 © m 3 © m 4 © m 5 = m(l, 0) © m(0, 1) © m(l, 1) © m(l, 2) © m(2, 2). 
By applying Proposition 13.51 (2) we obtain that 



(22) 



diniR mi 


= 2 


\{a G A+ 


fc(a) 


= "p}| 


= 2-|A m (l,0)| = 2p, 






dim R m 2 


= 2 


|{«e A+ 




= a p+ i 


}| =2 - |A m (0,l)| = 2(21 


-2p- 


1). 


dimR m3 


= 2 


K«e A+ 


fv(a) 


— Up + 


5p+i}|=2-|A m (l,l)| = 


2p(2£ 


-2p 


dims rri4 


= 2 


\{aeA+ 


«(a) 


— Oip + 


2a p+ i}| =2-|A m (l,2)| = 


= 2p, 




dimR ms 


= 2 


K«eA+ 


«;(a) 


= 2a p - 


f 2a p+ i}| = 2-|A m (2,2)| 


= P(P 


-1) 



(23) 



Note that for p = 1 the space M = SO(2^ + l)/(U(l) x U(l) x SO(2(£-2) + 1)) has four isotropy summands 
f [ACh3j ). On the other hand, the case p = £ — 1 corresponds to the painted Dynkin diagram r(II m ) with 
n m = {ai-i, ai} (£ > 3), that is 

Qi a-2 ae-2 ae-i cei 



The corresponding flag manifold M = SO(2£ + l)/U(£ - 1) x U(l) {£ > 3) satisfies decomposition ([22]) as 
well, but in this case the painted black roots are such that (o^_i, a^_i) = 2(ct£, ai), i.e. they have different 
length. 

Case of D e = SO{2£) : Type A. Let n\n = II n = {ai, a p+ i : 2 < p < £ - 3}. This choice corresponds 
to the painted Dynkin diagram 

ae-i 
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which determines the flag manifold M = SO(2f)/(U(l) x U(p) x S0(2(^ -p- 1))) with 2 < p < £ - 3 and 
I > 5. 

Similarly with the previous cases we obtain that the positive t-roots are given by A(n)^~ = {ai, a p +i, ai + 
a p+ i, 2a p+1 , «i + 2a p+ i} and according to Proposition l3.5l ( 1) we obtain the decomposition (JTSJ) where the 
submodules n$ are determined by (|19[) . 

By applying Proposition 13.51 (2) we obtain the dimensions of n^: 



dimj 


,ni 


= 2 


\{a 


eA+ 


k(o) 


= S X }| 


= 2j>, 






dimj 


,n 2 


= 2 


\{a 


eA+ 


k(o) 


= 


}|=4p(* 


-P- 


1), 


dimj 


. n 3 


= 2 


\{a 


eA+ 


k{ol) 


= ai + 


«p+i}| = 


4(£- 




dirnj 


,H4 


= 2 


\{a 


eA+ 


k{oc) 


= 2Sp+ 


i}| =P(P 


-1), 




dims 


, n 5 


= 2 


\{a 


eA+ 


k{o) 


= ai + 


2a p+ i}| = 


= 2p. 





Case of Dg = SO(2£) : Type B. We now examine the pair (II, Iln.) of Type B corresponding to Dg, that 
is II\IIo = II m = {a,p, a p+ i : 2 < p < £ — 3}. This choice corresponds to the painted Dynkin diagram 



ae-i 




which also determines the flag manifold M = SO(2f)/(U(l) x U(p) x SO(2(^-p- 1))), with 2 < p < £-3 and 
^ > 5. It follows that A(m) t l_ = {a p , Op+i, a p + a p+ i,a p + 2a p +i, 2a p + 2a p +i}, and by using Proposition 
13.51 we conclude that the dimensions of these submodules are given as follows: 



dim R mi = 2 • \{a £ A+ : n{a) = a p }\ = 2p, 

dim R m 2 = 2 • \{a e A+ : k(o) = a P +i}| = A(£-p- 1), 

dim R Tri3 = 2 • \{a € A+ : k(o>) = a p + a P +i}| = 4p(£ - p - 1), 

dimRtri4 = 2 • \{a € A+ : = S p + 2a p+ i}| = 2p, 

dim R m 5 = 2 • \{a e A+ : re(a) = 2S P + 2a p+ i}| =p{p- 1). 



(25) 



Case of Eg : Type A. The highest root a of is given by a = ai +2a2+3a3+2a4+a5 + 2«6- Thus, for 
Eg we find two pairs (II, IIo) of Type A, which determine flag manifolds with five isotropy summands, namely 
the choices n\IIo = {ax, a^} and n\IIo = {a 2 , as}. They correspond to the painted Dynkin diagrams 




which both define the flag manifold E 6 / SU(4) x SU(2) x U(l) 2 . However, there is an outer automorphism 
of Ee0 which makes these painted Dynkin diagrams equivalent (see |BFRj ) . Thus we will not distinguish 
these two pairs (II, IIo) and we will work with the first one. Let n be the B-orthogonal complement of the 
isotropy subalgebra t in C6- For the root system of E@ we use the notation of [AI Ar j . where all positive roots 
are given as linear combinations of the simple roots II = {ai, . . . , ae}- The root system of the semisimple 



The group of outer automorphisms of a simple Lie algebra is precisely the group of graph automorphisms of the associated 
Dynkin diagram. It is known that for the exceptional simple Lie algebras over C, outer automorphisms exist only for Eg. 
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part of the isotropy subgroup K is given by Aq = {a2, «3, as, a$, ai + az, «3 + a&, ai + + a^}, thus 



A+ = 



«i + 2a 2 + 3a 3 + 2a 4 + as + 2a 6 

Qi + 2a 2 + 3q 3 + 2a 4 + a 5 + a 6 

ai + 2a 2 + 2a 3 + 2a 4 + a 5 + a 6 

oti + 2a 2 + 2qs + a 4 + as + ae 

ai + 2a2 + 2a» + a 4 + ae 

ai + a 2 + 2a3 + 2a 4 + as + as 

ai + a 2 + 2a3 + a 4 + a 5 + ae 

ai + a 2 + 2a3 + a 4 + ae 

ai + a 2 + a 3 + a 4 + a 5 + a 6 

O'l 



ai + a 2 + a 3 + a 4 + a 6 a 2 + 2a3 + 2a 4 + as + a 6 



ai 
ai 
ai 

a 3 
a 3 



a 2 ■ 
a 2 
a 2 
a 4 - 
a 4 



03 + as 



a 2 + 2a3 + a 4 + a 5 + ae 



a a + a 4 
a 4 + a 5 
a 4 

03 + a 4 + a 5 + as 



03 + a 4 + a 5 a 2 + 2a3 + a 4 + as 
03 + a 4 a 2 + 03 + a 4 + as + ae 

as a 2 + 03 + a 4 + ae 

a6 a 2 + 03 + a 4 + a 5 

a 2 + a a + a 4 
ai + a 2 + 03 
a, + a 2 



(26) 



Let a = Y2k=i c k a k G A+. Since n n = {ai, 0:4}, by applying relation (fTTJ) we obtain that k(o) = ciai+c 4 a 4 , 
where the numbers c\, c 4 are such that < c\, C4, < 2. So, by using (f26|) . we easily conclude that the positive 
t-roots are given by A(n)^~ = {ax, S4, ai +a 4 , 2a 4 , ai + 2a 4 }, and thus according to Proposition 13.51 (1), 
we obtain the decomposition (fTS)) where the sumboclules are defined by (fTT)|) . The sets A n (ji, j'2) ar e given 
explicitly as follows: 

A n (l,0) = {ai, Qi + a 2 , ai + a 2 + a 3 , ai + a 2 + 03 + ae}, 

A n (0, 1) = {a 4 , a 3 + a 4 , a 4 + a 5 , a 2 + a 3 + a 4 , a 2 + a 3 + a 4 + a 5 , a 3 + a 4 + a 5 , a 3 + a 4 + a 5 + a 6 , a 3 + a 4 + a 6 , 
a 2 + 03 + a 4 + ae, a 2 + 2a3 + a 4 + ae, a 2 + as + a 4 + as + ae, a 2 + 2Q3 + a 4 + as + ae}, 

A n (l, 1) = {ai + a 2 + 03 + a 4 , ai + a 2 + a 3 + a 4 + a 5 , ai + a 2 + a 3 + a 4 + ae, ai + a 2 + 2a3 + a 4 + a6, 
ai + a 2 + 03 + a 4 + a 5 + ae, ai + a 2 + 2tt3 + a 4 + a 5 + ae, ai + 2a 2 + 2a3 + a 4 + a 5 
ai + 2a 2 + 2Q3 + a 4 + ae}, 

A n (0,2) = {a 2 + 2a 3 + 2a 4 + a 5 + a 6 }, 

A n (l, 2) = {ai + a 2 + a 3 + 2a 4 + a 6 , Qi + 2a 2 + 3a 3 + 2a 4 + a 5 + a 6 , ai + 2a 2 + 2a 3 + 2a 4 + a 5 
ai + 2a 2 + 3a 3 + 2a 4 + a 5 + 2ae}. 

By applying Proposition 13.51 (2) we easily conclude that 

dim R m = 2-|{q6 A+ : «(a) =ai}| = 2-|A"(l,0)| = 2-4 = 8, 

dim R n 2 = 2 • \{a € A+ : «(a) = a 4 }| = 2 • |A n (0,l)| = 2 • 12 = 24, 

dim R n 3 = 2 ■ |{a G A+ : n(a) = a x +a 4 }| = 2 ■ |A"(1,1)| = 2 ■ 8 = 16, 

dim K n 4 = 2 • \{a G A+ : = 2a 4 }| = 2 • |A n (0,2)| = 2 • 1 = 2, 

dim R n 5 = 2 • |{a G A+ : n(a) =a x + 2S 4 }| = 2 • |A n (l,2)| = 2 -4 = 8. 



a 6 , 



ae, 



(27) 



Case of E 6 : Type B. The flag manifold E 6 / SU(4) x SU(2) x U(l) 2 is also defined by two pairs (II, IIo) 
of Type B, given by n\IIo = {a 4 ,a6} and n\no = {012, u§\. They correspond to the painted Dynkin 
diagrams 



a, a 2 az a 4 as 
— • o 



no 



a 4 a 2 03 a 4 as 
o •— 



ae 



Note that there is also an outer automorphism of Eq which makes these painted Dynkin diagrams equivalent 
( BFFQ), and thus we can work with the first pair (LT, no) only. By similar method we obtain that the 
positive t-roots are A(m)^ = {as, a 4 , ae + cf 4 , c?6 + 2cf 4 , 2a$ + 2a 4 } and thus according to Proposition 
3.51 (1), we obtain the decomposition (|22|) where the dimensions of the submodules rrii are given as follows: 



diniR mi 
dim R tn 2 
dim R m 3 
dim R m 4 
dim R m 5 



\{aeA+ : K (a 
\{a G A+ : «(a 
\{ae A+ : K (a 
\{ae A+ : K (a 
\{a G A+ : n{a 



= a 6 }| =2-|A m (l,0)| =2-4 = 8, 

= a 4 }\ = 2 • |A m (0, 1)| = 2 • 8 = 16, 

= a 6 +S 4 }| = 2 • |A m (l, 1)| = 2 • 12 = 24, 

= a 6 + 2a 4 }\ = 2 ■ |A m (l, 2)| = 2 • 4 = 8, 

= 2a 6 + 2a 4 }| = 2 • |A m (2,2)| = 2-1 = 2. 



(28) 
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Case of E7 : Type A. Recall that the highest root a of E7 is given by a = ot\ + 2oti + 3a^ + Aa^ 



3a5 + 2ai6 + 2a?. Consider the pair (n, n ) with n\n 
Dynkin diagram 



{0:4,0:7}. This choise corresponds to the painted 




which determines the flag manifold E7 / SU(6) x U(l) 2 . Let n be a S-ortogonal complement of z 7 . By 
using the expressions of positive roots of E7 in terms of the simple roots IT = {a\, a 2 , a% ct4, a^, ae, a?} (see 
FrdV or [Chrl]) and by applying (fT7|) . we easily conclude that the positive t-roots are given by A(n) i f = 
{oil, S7, a± +57, 257, 5i + 257}. Thus according to Proposition l3.5l (1) we obtain the decomposition ([18]). 
and the dimensions of the submodules are given as follows: 



dimR tti 

.112 

:n 3 
dim R ti4 
dim R n 5 



\{a £ A+ : n(a 
\{a e A+ : k(cx 
\{a G A+ : n(a 
\{a € A+ : k(oi 
\{a e A+ : n{a 



= 5 1 }|=2-|A«(l,0)| = 2-6, 

= a 7 }| = 2-|A«(0,l)| = 2-20, 

= ai + a 7 }\ = 2- |A n (l,l)| = 2-15, 

= 25 7 }| =2.|A»(0,2)| =2-1, 

= 5 1 + 25 7 }| = 2-|A n (l,2)|=2-6. 



(29) 



Case of E 7 : Type B. The flag manifold E 7 / SU(6) x U(l) 2 is also defined by a pair (n,n ) of Type 
B, explicitely given by n\ITo = {ae,a 7 }. It corrresponds to the painted Dynkin diagram 

a\ a.2 olz 014 as ae 




dim R mi 
dim R m 2 
dim R rri3 
dimjf TTI4 
dim R m 5 



|{"eA+ 
|{«e A+ 

\{a e A+ 
|{«eA+ 
\{a e A+ 



In this case the positive t-roots are given by A (m) f = {ae , S7, 576 + a? , ae + 2a? , 2ae + 2a7 } and according 
to Proposition 13.51 (1). the B-orthogonal complement m decomposes as (|22|) . where the submodules nti have 
dimensions 

n[a) = ae}\ =2- |A m (l,0)| =2-6, 
K{a) = a 7 }\ = 2 • |A m (0, 1)| = 2 • 15, 

K (a) =S 6 + a 7 }| =2- |A m (l,l)| = 2-20, } (30) 
K[a) = a 6 + 2a 7 }\ = 2 • | A m (l, 2)| = 2 • 6, 
n(a) = 2a 6 + 2a 7 }\ = 2 • |A m (2,2)| = 2-1. 

Step 2. By using [ACh31 Prop. 5] and Step 1 of the proof we have completed the study of all possible 
pairs (II, IIo) of Type A. On the other hand, and due to the form of the highest root of the classical simple 
Lie groups, we have also studied all possible classical flag manifolds of Types A and B (the symplectic Lie 
group Sp(€) was treated in Example I3.6p . Thus we now focus on pairs (IT, IIo) of Type B corresponding to 
exceptional Lie groups, which define flag manifolds with more than five isotropy summands. Hence these 
are not listed in Table 1. 

Case of Eg. For this Lie group there exists one more pair (IT, IIo) of Type B given by IT\ITo = {02,0^4}, 
which determines the flag manifold E 6 / SU(3) x SU(2) x SU(2) x U(l) 2 . The isotropy representation of this 
space decompsoses into six isotropy summands, since we find six positive t-roots given by {S2, 574, ~ai + 
54, 52 + 254, 252 + 54, 252 + 25 4 }. 

Case of E7. In this case there are two more pairs (n,ITo) of Type B, namely the pairs n\ITo = {0:2, £17} 
andn\n = {a 2l a 6 } which determine the flag manifolds E 7 / SU(5) x SU(2) x U(l) 2 and E 7 / SO(8) x SU(2) x 
U(l) 2 respectively. Both of these flag manifolds have six isotropy summands, since the associated positive 
t-roots are given by {52, 57, 52 +57, 252 +57, 52 + 257, 252 + 257} and {52, 56, 52 +56, 252, 252 + 
56, 252 + 25e} respectively. 

Case of Eg. The highest root a of Eg is given by a = 2a\ + 3a 2 + 4«3 + 5a4 + 6ag + 4ae + 2a 7 + 3ag. 
Thus for Eg there exists only a pair (IT,ITo) of Type B, given by IT\ITo = {ai,a 7 }. It determines the flag 
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manifold E§ / S0(12) x U(l) 2 which has six isotropy summands. Indeed, by expressing the positive roots 
in terms of simple roots (see [Chrl] or |FrdV) ) . and by applying (I17|) we obtain six positive t-roots, namely 
{oil, S7, ai+a^, 2ai+ai, 2aj, 2a\ + 2a^} . 

Case of F4. The highest root a of F4 is given by a = 2q x + 36*2 + 4c*3 + 2a^. Thus, the unique pair 
(IT, n ) of Type B is given by II\n = {a\, 014}. It determines the flag manifold F 4 / S0(5) x U(l) 2 with six 
isotropy summands. Indeed, by using the expressions of positive roots in terms of simple roots (see | AlAr j ) 
and by applying (|17[) we obtain six positive t-roots. namely {cti . CE4, c?i+a4, 2a±+a4, 2a.\, 2ai+2S4}. □ 

The following corollary in now immediate. 

Corollary 4.3. The only generalized flag manifolds M with b^{M) = 2 whose isotropy representation 
decomposes into five isotropy summands are those listed in Table 1. 

Corollary 4.4. Let M = G/K be a flag manifold of Type A with isotropy representation n = ni © ri2 © 
ri3 © ti4 © 115. Then the Ad(K) -modules ri-j satisfy the relations [tii, n 2 ] = n 3 , [tii, n 4 ] = ri5, [n 2 , n 2 ] C XI4 © 6, 
[n 2 ,n 3 ] = ni ffin 5; [ni,n 3 ]=n 2 , [n 2 , n 4 ] = n 2) [tii, n 5 ] = tu, [n 4 ,n 5 ]=ni, [n 2 , n s ] = n 3 , and [n 3j n 5 ] = n 2 . 

Proof. It is immediate by considering the T-root systems of the flag manifolds of Type A in the proof of 
Proposition ^. 21 □ 



4.3. The isometry between flag manifolds of Type A and Type B. By using the analysis given in 
the previous paragraph, we will prove that for any simple Lie group G appearing in Table 1, there is an 
isometry which makes the corresponding flag manifolds G/K with five isotropy summands of Type A and B, 
isometric as real manifolds. We will show that this isometry is obtained in a canonical way from the Weyl 
group W corresponding to (the root system of) G. 

Theorem 4.5. For any Lie group G appearing in Table 1, the correpsonding pairs (II, Ho) of Type A and 
B, define isometric flag manifolds (as real manifolds). 

Ql Q2 Otp-1 Ctp 

Proof. At first we consider a Dynkin diagram of type A p : o o — • ■ ■ — o o . Then there exists an element 

wo of the Weyl group W of SU(p + 1) with wo(ai) = — o p +i_; for i = 1, . . . ,p. In fact, wo is given by 

w = s ak+i • s Qfc+afc+i+Qfc+2 ■ • • s Q2 + ... +Qfc+i + ... +Qp _ i ■ s Qi+ ... +Qfc+i + ... +Qp for p = 2k + 1 

and 

W ° = S «fc+«* +1 ■ SQ fc + Q fc + l+ Q fc + 2 ' ' ' S "2 + ''' + « fc + l + - + %-l ' S "l + - + " fc + l + ''' + "p fOT P = 2k > 

where s s is the reflection defined by a root /3. 

For a moment we write IIo(A) and ITo(-B) for IIo of Type A and IIo of Type B and also write Ao(A) and Aq(B) 
for Ao of Type A and Ao of Type B respectively. Now for Bg and De we see that the pair (II, IIo) is given by 
n„ = n\IIo = {ai, a p +i} (Type A) and n\IIo = II m = {a p , a p+ i} (Type B) and thus the painted Dynkin diagram of 
Type A and Type B contain a Dynkin subdiagram of type A p , where p = 2, ... ,1—1 for Be and p = 2, . . . , I — 3 for Dt . 
We regard wo as an element of the Weyl group of type Be and De. Then we have that wo(a p +i) — a p +i + (ai + - ■ - + a p ) 
and wo(a p+ k) — a p+ k for k = 2, . . . ,1 — p. Thus we see that wo (Ao(A)) = Ao(B) and 

wo(A"(l,0)) = -A m (l,0), tflo(A»(0,l)) =A m (l,l), w (A n (l,l)) =A m (0,l), 

wo(A n (0,2)) = A m (2,2), w (A n (l,2)) =A ro (l,2). 

For Ee we see that the pair (II, IIo) is given by n n = n\IIo = {01,04} (Type A) and II\IIo = II m = {04,06} 
(Type B) and thus the painted Dynkin diagrams of Type A and Type B contain a Dynkin subdiagram of type A4 : 
01 02 03 Oe 

o o o o . Let wo be the element of the Weyl group W of SU(5) given by wo ~ s a2 + Q3 ■ s ai+Q , 2+a3+Q6 . We 

regard wo as an element of the Weyl group of type Eq. Then we have that wo(oi) = — Qe, wo(a2) = —03, 100(03) = 
—02, wo(a@) — ~oi, ^0(04) = oi + 2o2 + 203 +04 + 06 and wo(as) = 05. Thus we see that wo(Ao(A)) = Ao(B) 
and 

w o (A"(l,0)) =-A m (l,0), too(A»(0,l)) =A»(1,1), w (A"(l,l)) = A m (0,l), 
w (A"(0,2)) = A m (2,2), w (A n (l,2)) = A m (l,2). 



A new method for homogeneous Einstein metrics on generalized flag manifolds 



If) 



For Ej we see that the pair (II, IIo) is given by II n = II\IIo = {01,07} (Type A) and II\IIo = n m = {ae,ar} 
(Type B) and thus the painted Dynkin diagrams of Type A and Type B contain a Dynkin subdiagram of type Ae : 

Ot\ Ct2 Q3 tt4 CC5 Q-(y 

o o o o o o . Let wo be the element of the Weyl group W of SU(7) given by wo = s a +Cli ■ 

s a2+cts+CCi+ar ■ s a ^ +a ^ +a ^ +ai+ar+a<i . We regard wo as an element of the Weyl group of type E7. Then we have 
that wo(ai) — — a?6, wo(a2) — —as, 100(03) = —04, wo(«4) = —03, wo(qs) = —02, wo(aa) = — ai, 100(0:7) 
r, + 2«2 + 3o3 + 3«4 + 2«5 + aa + 07. Thus we see that wa(Ao(A)) = Ao(B) and 

wo(A n (l,0)) =-A m (l,0), ™ (A n (0,l)) = A m (l,l), ™ (A n (l,l)) = A m (0,l), 

iuo(A»(0,2)) = A m (2,2), «, (A"(1,2)) = A m (l,2). 

Thus we get an isometry between the corresponding tangent spaces n (Type A) and m (Type B) and, hence, we 
obtain an isometry between flag manifolds of Type A and Type B. 

□ 



5. Kahler-Einstein metrics 

In computing the Ricci tensor for a generalized flag manifold M — G/K by using Riemannian submersions 
we will use the well known fact that M admits a finite number of G-invariant Kahler-Einstein metrics. 
Recall that if M — G/K is determined by a pair (II, Hr-) with reductive decomposition g = t ® m, then 
G-invariant complex structures are in one-to-one correspondence with invariant orderings A+ in A m ( [Alelj . 

2(A, a) 



[BotI p. 625]). Put Zi = { A e t 



£ Z for each a e A > . Then Z± is a lattice of t generated 



(a, a) 

by the fundamental weig hts {A i± ,- ■ ■ , A lr }. Set Z+ = {A € Z t | (A, a) > for a e U\ II Q }. Then we have 
Zf = Z + A Q and define the element S m = - a 6 \J — lh. Put k a = — — m ' for a € II \ II . 

Then 2<5 m = k a A a = k aii A aii + • • • + k a(r A air and each k ai ^ is a positive integer. We have the 

aen\n 

following: 

Proposition 5.1. The G-invariant metric g 2 g m on G/K corresponding to 2S m is a Kahler Einstein metric 
which is given by 

</,,, E (X'^ ^^-rA ,s - ' • 

h,-,jr \e=i ) 



Example 5.2. Case of B t = SO(2£+ 1) : Type A. Let n\n = II n = {a 1: a p+1 : 2 < p < I - 1}. For 

the flag manifold M = SO(2£ + 1)/(U(1) x U(p) x SO(2(£ - p - 1) + 1)) with 2 < p < I - 1 and I > 3, we 
see that 25 n = (p+ l)A Ql + (21 —p — 2)A Qp+1 . Thus the Kahler Einstein metric g 2S ^ on G/K is given by 

9 2 s„ =(P+ l)S|„(i, ) +W-P- 2)B| n(0jl) + (21 - l)S| n( i,i) 
+2(2£ -p- 2)B| n(0 , 2 ) + {U-p- 3)B| n( i, 2 ). 

Example 5.3. Case of D e = SQ(2£) : Type A. Let n\n = n n = {ai,a p+ i : 2 < p < t - 3}. For tte 

/% manifold M = SO(2^)/(U(l) x U(p) x SO(2(£ - p - 1))) wrf/i 2 < p < ^ - 3 and t > 5, we see that 
2<5 n = (p + l)A ai + (2£ — p — 3)A Qp+1 . T/iits t/ie Kahler Einstein metric g 2S ^ on G/K is given by 

92S n =(P+ l)S| n( i, ) + (2* - p - 3)S| n( o,i) + (21 - 2)B| n( i,i ) 
+2(2f - p - 3)B| n(0 ,a) + (4£ - p - 5)B| n(1 , 2) . 

Example 5.4. Case of F 6 : Type A. Let n\n = II n = q 4 }. For the flag manifold M = F 6 /(U(4) x 
U(2)) we see that 2S n — 5A Ql + 7A Q4 . Thus the Kahler Einstein metric g 2 $ n on G/K is given by 

92S n — 5-S|n(i,o) + 7B| tt (o,i) + 12-B| n (i,i) + 14S| n (o,2) + 19-B| tt (i,2)- 
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Example 5.5. Case of E 6 : Type B. Let U\U a = U m = {a e , a^}. For the flag manifold M — .E 6 /(U(4) x 
U(2)) we see that 2S m = 5A Qf , + 6A Q4 . Thus the Kahler Einstein metric g 2S on G/K is given by 



9 2 S„ 



5B\ 



m(l,0) 



6B\ 



m(0,l) 



m(l,l) 



17-B| ro ( 1)2 ) + 22_B| m ( 2j2 ) 



Example 5.6. Case of E 7 : Type A. Let U\U a = U„ = {a\, a 7 }. For the flag manifold M = E 7 /(\J(l) x 
U(6)) we see that 2S n = 7A Ql + llA a7 . Thus the Kahler Einstein metric g 2S on G/K is given by 



9 2 S n 



7S|n(i,o) + H^|n(o,i) + 18B|n(i,i) + 22B| n(0 ,2) + 295| n(1 , 2) 



Example 5.7. Case of E 7 : Type B. Let U\Uq = U„ = {a 6 , a 7 }. For the flag manifold M = E 7 /(U(1) x 
U(6)) we see that 25 m = 7A Q6 + 10A Q7 . Thus the Kahler Einstein metric g 2 s m on G/K is given by 

92S m = 7-B|m(i,o) + 10-B| 

m(o,i) + 17-B|m(i,i) + 27-B| m (i i2 ) + 34_B| m ( 2 2 ). 

6. The Ricci tensor on flag manifolds with five isotropy summnads 

We now proceed to the calculation of the Ricci tensor r corresponding to a G-invariant metric ([3]) on 

G/K of Type A. In order to apply Lemma [2~T1 we first need to find the non zero structure constants of 

W. 

G/K. Due to the bracket relations in Corollary 14.41 we obtain that the non zero structure constant are 



3 




4 




5 




5 


12 




22 


7 


23 


1 


14 



We write G-invariant metrics g on G/K as 

9 = XiB\ ni + x 2 B\ n2 + x 3 B\ n3 + x 4 B\ n4 + x 5 B\ n5 

where Xj (J = 1, . . . , 5) are positive numbers. 

Put di = dimrii for i = 1, . . . , 5. From Lemma |2. II we obtain the following proposition. 



(31) 



Proposition 6.1. The components r^ (i = 1, . . . , 5) of the Ricci tensor for a G-invariant Riemannian metric 
(I31[) on G/K are given as follows: 



1*2 



T3 



l l 

2x\ + 2d~i 



Xx 



J'2 



X3 



X2X3 X1X3 X1X2 



1 

2d[ 



\XAX 



3'5 



■'"4 



X4X5 X1X4 X1X5 



1 


1 


"3" 


/ x 2 


Xl 


X3 \ 


1 


"4" 


£4 


1 


"5" 


/ x 2 


x 5 


X3 


2x 2 


2d 2 


12_ 


\X1X3 


X2X3 


X\X 2 ) 


2d 2 


22_ 


x 2 A 


2d 2 


23 


\x 3 x 5 


X2X3 


x 2 x 5 



X3 



3'5 



X 2 



>X2X 5 X2X3 X3X5 



} (32) 



1 


1 


"5" 


/ X4 


x 5 


Xl \ 


1 


"4" 


(- 2 - 


Xa 


2^4 


2di 


14_ 




X1X4 


X4X5 / 


' Adi 


22_ 


V XA 


X2 



1 

2x 5 



1 

2d~5 



•'•5 



x 2 



x 3 



<X 2 X 3 X3X5 X 2 X 5 



1 

2d~5 



i'5 



Xl 



X4 



XIX4 X4X5 X1X5 



Let i be the subalgebra of g corresponding to the Lie subgroup K. We consider a subspace I = {Iffini of g. 
Then [ is a subalgebra of g and we have a natural fibration it : G/K — > G/L with fiber L/K. We decompose 
p = pi © p 2 and q = q ls where pi = n 2 © n 3 = mi,i © mi )2) p 2 = n 4 © n 5 = m 2 ,i © m 2>2 and q x = m. We 
consider a G-invariant metric on G/K defined by a Riemannian submersion it : (G/K, g) — > (G/L, g) given 

by 



and the metric g on G/L 



9 = ViB\ Pl + y 2 B\p 2 + z 1 B\ qi 
9 = ViB\ Pl +y 2 B\ ?2 



(33) 
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for positive real numbers j/i , j/a > #1 • Note that, when we write the metric (|33[) as in the form pip , we have 

g = yiB\ n2 + Vl B\ n3 + y 2 B\„ 4 + y 2 B\ ns + Zl B\ ni . (34) 
From (1521 we obtain the components r, of the Ricci tensor for the metric (j3"4"|) on G/K as follows: 



1 


1 


"3" 




1 


"5" 


2/2 


2yi 


2d 3 


12 


2 

2/i 


2d 3 


23. 


9 

2/i 



1 


1 


"5" 


21 


1 


"4" 


( 2/2 


- 1 ) 


2^2" 


~ 2dk 


14 


9 

2/2 2 


H 4dl 


22 




2/2/ 



We put d 4 = dim pi and d 2 = dimp 2 - Then d\ — d 2 + d 3 and d 2 = d 4 + dg. By Lemma 12.11 (cf. also 
|ACS3| p. 10]) the components ri,r 2 of Ricci tensor f of a G-invariant metric g — y±B\p +y 2 B\p 2 are given 

by 



n = 



r 2 



I 

2yi 2d m 2 
1 1 



(35) 



22/2 2 d 2 2/2 



+ 



!)2 



4d 2 2/1 : 



where 



d\d 2 



di + 4d 2 _ 

Note that, in the notation of Lemma 12.31 we have that r» 1) = r 2 , ^(1,2) — r 3i r (2,i) — r 4 an d ^(2,2) = r 5- 
From Lemma 12.31 we see that the horizontal part of rn 2 )(= ^3) equals to f\ and the horizontal part of 
r (2.i)(= r i) equals to f 2 , and thus we get 



"5" 






"2" 




23 


di 




11 





d 3 (d 4 



(d 2 + d 3 ) + 4(d 4 + d 5 ) : 
"jfe" 



"4" 






"2" 






= d 4 — 




11 




22. 


d 2 







d 4 (d 2 + d 3 ) 



(d 2 + d 3 )+4(d 4 + d5)' 



(36) 



We determine the structure constants 
Case of B e = SO(2£ + 1) : Type A. 



in each case. 



In this case G = SO(2£+l), K = U(l) x U(p) x SO(2(£-p- 1) + 1), L = U(p+1) x SO(2(£-p- 1) + 1) 
and we have d 4 = 2p, d 2 = 2p(2^ - 2p - 1), d 3 = 2(2£ - 2p - 1), d 4 = p(p - 1), d 5 = 2p. Thus, from ([Ml), we 
see that 



(2/? - 2p - l)p 
2^-1 ' 



(2£-2p-l)g(p-l) 
2£-l 



Since the Kahler Einstein metric g 2S ^ on G/K is given by 

9 2Sn = {P+ l)5| ni + (2£ - p - 2)B\ n2 + (2£ - l)B\ ns + 2(21 -p- 2)B\ 



(M-p-3)B\ n51 



we substitute the values Xi = p + 1, X2 = 21 — p — 2, x 3 = 21 — 1, X4, = 2(2£ — p — 2), X5 = A£ — p — 3 into 
(|32[) . Consider the components r 2 , r 3 , r 4 and rs of the Ricci tensor for these values. Then, from r 2 — r 3 = 
and r 4 — r§ = 0, we obtain 



3 

12 

Case of D e = SO(2£) : Type A. 



(2£ -2p- l)p 
2£~l ' 



P(p - 1) 
2£- 1 



In this case G = SO(2f), K = U(l) x U(p) x SO(2(^ - p - 1)), L = U(p + 1) x SO(2(^ - p - 1)) and we 
have d 4 = 2p, d 2 = 4p(^ — p — 1), d 3 = 4(£ — p — 1), d 4 = p(p — 1), ds = 2p. Thus, from (f36|) . we see that 



p- l)p 



1 



(l-p-l)p(p-l) 
1 



Since the Kahler Einstein metric g 2Sa on G/if is given by 

92S n = (p+l)B\ ni +(2£-p-3)B\ n2 +(2£-2)B\ n3 +2(2£-p-3)B\ n4 +(4£-p-5)B\ n5 , 
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we substitute the values x\ = p + 1, £2 = 21 — p — 3, x 3 = 21 — 2, X4, = 2(2£ — p — 3), x$ = 4£ — p — 5 into 
(|32p . Consider the components T%, r 3 , and r§ of the Ricci tensor for these values. Then, from r 2 — r 3 = 
and r4 — r5 = 0, we obtain 



(l-p-l)p 



Kp - 1) 

2(£-l)' 



Note that we can put the cases of Bt and Dg together. Consider G = SO(m) and K = U(l) x U(p) x 
SO(m-2(p+l)). Then we have d x = 2p, d 2 = 2p{m-2(p+l)),d 3 = 2(m-2(p + l)),d 4 = p(p- l),d s = 2p 
thus it follows that 



(m-2(p+l))p 



and 



to — 2 

_ (to - 2(p+ l))p 
to — 2 



(m-2(p+l))p(p-l) 
to — 2 



Kg - 1) 

to- 2 



Case of _E 6 : Type A. 



we 


see that 




"5" 




'4" 




= 2, 




23 




22 



In this case G — Eg, K — U(l) x U(l) x SU(2) x SU(4), L = U(5) x SU(2) and we have d x = 8,d 2 
24, d 3 = 16, d A = 2,d b 

r s 1 r 4 1 

= 1. 

Since the Kahler Einstein metric g 2S on G/K is given by 

92S n = 55k + 7B| n2 + 12B\ n3 + UB\ 

we substitute the values x\ = 5, X2 = 7, X3 = 12, £4 = 14, 25 = 19 into (|32[) . Consider the components r%, 
r 3 , r4 and r5 of the Ricci tensor for these values. Then, from r 2 — ^3 = and — r$ = 0, we obtain 



n 4 + 19B|„ 5 , 



= 2, 



Case of E 7 : Type A. 



In this case G — E 7 , K — U(l) x U(l) x SU(6), L = U(7) and we have di = 12, d 2 = 40, d 3 = 30, d 4 
2, d§ = 12. Thus, from (f36|). we see that 





"5" 


10 


4" 


10 




23 


~ y 


22 


~ T' 


Since the Kahler Einstein metric g 2S ^ on G/K is given by 


928„ = 7B\ ni + 11B\ 


n 2 + 18S| n 


3 + 


22B\ ni +29B| n5 , 


substitute the values x\ = 7, x% = 11, x 3 = 


= 18, X4 = 


22, 


x 5 = 29 into ([Ml). 


T4 and r$ of the Ricci tensor for these values. Then, from r 2 — ^3 = and 




"3 


10 


"5 


1 




12 


~ y 


14 


~ 3' 



7. Einstein metrics on flag manifolds with five isotropy summnads 
We consider the system of equations: 



n = r 5 , r 2 =r 3 , r 3 = r 4 , r 4 = r 5 . 



(37) 



Case of E e : Type A. 
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The components (i = 1, . . . , 5) of the Ricci tensor for a G- invariant Riemannian metric pip on G/K 
are now given as follows: 



1*2 



ra 



1 

2x[ 
1 

1 

2x~a 
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2x 5 



1 / a; 



X-2 



\x 2 x 3 X1X3 X1X2 

X2 



1 



X\ 



X5 



48 V X4X5 X1X4 x 
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1 / X 3 



X4 
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«1 


x 3 


X2X3 


X1X2 


X2 


Xl 


XiX 3 


X2X3 


X 5 


Xl 


X1X4 




X2 


2:3 ^ 



■T5 



3'3 



48 X2 2 24VX3X5 X2X3 X2X 



if 



•i'3 



3'2 



16Vx 2 x 5 x 2 x 3 x 3 x 5 

2 £4 

x 4 £2 2 

x 5 Xl 



_j_/_2<5_ 

48 V X1X4 



X4 



X4 X4X5 X1X5 



(38) 



■ \X2X3 X 3 X 5 x 2 x 5 - 
From n — ^5 = 0, we see that 

(xi — X5) (X1X2X3 + 3x1X4X5 + 3x2 2 X4 — 12x2X3X4 + X2X3X5 + 3x3 2 X4) = 0. 

Case of £5 = x±. We normalize our equations by setting xx = 1. We see that the system of equations 
(|3"T1) reduces to the following system of polynomial equations: 



/1 = 10x 2 3 + x 2 2 x 3 x 4 - 24x 2 2 x 3 + 2x 2 x 3 2 + 24x 2 x 3 - 10x 2 - x 3 x 4 = 0, 
h = 10x 2 3 - 24x 2 2 - 10x 2 x 3 2 + 24x 2 x 3 + 2x 2 - x 3 x 4 = 0, 

fa = 3X2 3 X4 + 2X2 2 X3X4 2 + 2X2 2 X3 — 12X2 2 X4 — 3X2X3 2 X4 + 3X2X4 + 3X3X4 2 = 



(39) 



To find non zero solutions of equations (|39|) we consider a polynomial ring R\ — Q[y, X2, X3, X4] and an ideal 
1\ generated by 

{/l, /2, /3, yX 2 X 3 X4 - 1}. 

We take a lexicographic order > with y > X2 > x 3 > X4 for a monomial ordering on R\. Then a Grobner 
basis for the ideal I\ contains the following polynomials: 

h x = 512683897 x 4 12 - 26586224544 x 4 n + 613729012600 x 4 10 - 8672203136256 x 4 9 
+79425819414800 x 4 8 - 364553102019072 x 4 7 + 901989582472192 x 4 6 
-1275600747577344 x 4 5 + 1046901453080576 x 4 4 - 491806714331136 x 4 3 
+129330076549120 x 4 2 - 17647691366400 x 4 + 969515008000, 

h 2 = 114848188839160612119624999242582277039963322780084212652611305472000x3 
-752320404408788199702048033270865700909380495228817968360883312339 x 4 n 
+38758220515867322791999260031297235508730394711323449754223470870360 x 4 10 + • • • 
-70726659216761168399944465106568342085848237958573454324691582101708800x4 
+4794499893690636543924823161512975441415943523673600438772484784128000, 
h 3 = 86136141629370459089718749431936707779972492085063159489458479104000 x 2 
+523691563864872091386883937890449783253444913328748812397494319729 x 4 u 
-27032170704374631808506232904135459706304200757258747894928587117499 x 4 10 + • • • 
+52958437343374493285824611500843861525218627552705339462466929126522880x4 
-3633544639518951458129167566718404600177262066660959706336805062451200. 



By solving the first equation hi = for X4 numerically we obtain exactly four real solutions which are 
approximately given by x 4 ra 0.1882101376884833, x 4 ra 0.3421847475947193, x 4 ra 1.334632880397468 and 
X4 ra 1.601718258421132. We substitute these values for X4 into the second and third equation h 2 = 0, 
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/13 = and we get real solutions of the equations (|37[) which are approximately given by 

1) x x = 1, x 2 w 0.7945133013133368, x 3 w 0.6083856170340604, x 4 ps 0.1882101376884833, x 5 = 1, 

2) xi = l,x 2 « 1.366407998279779, x 3 1.632222678282746, x 4 « 0.3421847475947193, x 5 = 1, 

3) xi = 1, x 2 « 0.7499994899122792, x 3 w 0.6673176327222041, x 4 « 1.334632880397468, x 5 = 1, 

4) xi = l,x 2 re 1.590451006762520, x 3 » 1.633523267052982, x 4 « 1.601718258421132, x 5 = 1. 

We substitute these values for {xi, X2, x 3 , X4, xg} into (|38p and get 

1) ri = r 2 = r 3 = r 4 = r 5 w 0.4957209368544092, 2) n = r 2 = r 3 = r 4 = r 5 ps 0.2949577540873313, 
3) ri = r 2 = r 3 = r 4 = r 5 0.4702440377042893, 4) n = r 2 = r 3 = r 4 = r 5 ps 0.2646548256739946. 

Thus, in this case we obtain four Einstein metrics with Einstein constant 1: 

1) xi « 0.49572094, x 2 ps 0.39385688, x 3 ps 0.30158949, x 4 ps 0.093299706, x 5 « 0.49572094, 

2) x x 0.29495775, x 2 ps 0.40303263, x 3 ps 0.48143674, x 4 « 0.10093004, x 5 « 0.29495775, 

3) xi w 0.47024404, x 2 ps 0.35268279, x 3 ps 0.31380214, x 4 ps 0.62760315, x 5 « 0.47024404, 

4) xi ps 0.26465483, x 2 ps 0.42092053, x 3 w 0.43231982, x 4 ps 0.42390247, x 5 « 0.26465483. 

Case of xg 7^ Xi. We normalize our equations by setting xi = 1. We see that the system of polynomial 
equations (|37[) reduces to the following system of polynomial equations: 

Pi = — 8x 2 3 x 4 X5 — 2x 2 3 x 4 — x 2 2 x 3 x 4 2 + 24x 2 2 x 3 x 4 xg — x 2 2 x 3 X5 2 + x 2 2 x 3 — 4x 2 x 3 2 x 4 X5 
+2x 2 x 3 2 x 4 — 24x 2 x 3 x 4 xg + 2x 2 x 4 xg 2 + 8x 2 x 4 X5 + x 3 x 4 2 X5 = 0, 

P2 = 5x 2 3 X5 + 5x2 3 - 24x 2 2 x 5 - 5x 2 x 3 2 x 5 - 5x 2 x 3 2 + 24x 2 x 3 x 5 + x 2 x 5 2 + x 2 x 5 - x 3 x 4 x 5 = 0, 
Ps = — 3x 2 3 x 4 X5 — 3x 2 3 x 4 — 4x 2 2 x 3 x 4 2 + 4x 2 2 x 3 xg 2 — 12x 2 2 x 3 X5 + 4x 2 2 x 3 + 24x 2 2 x 4 X5 
+3x 2 x 3 2 x 4 X5 + 3x 2 x 3 2 x 4 — 3x 2 x 4 X5 2 — 3x 2 x 4 X5 — 6x 3 x 4 2 X5 = 0, 
P4 = 3x 2 2 x 4 — 12x 2 x 3 x 4 + x 2 x 3 x 5 + x 2 x 3 + 3x 3 2 x 4 + 3x 4 Xg = 0. 



(40) 



To find non zero solutions of equations (|40|) , we consider a polynomial ring i? 2 = Q[y, x 2 , x 3 , x 4 , Xg] and an 
ideal J 2 generated by 

{Pi, Pi, P3, Pi, 2/x 2 x 3 x 4 x 5 - 1}. 
We take a lexicographic order > with y > x 2 > xg > x 3 > x 4 for a monomial ordering on i? 2 . Then a 
Grobner basis for the ideal I 2 contains a polynomial 

(5x 4 - 22)(5x 4 - 14)(17x 4 - 22)(19x 4 - U)q u 

where 

qi = 25684944948354308203125x 4 24 - 312330714783423219879187500x 4 23 
-14789576030598686784365775000x 4 22 + 169312435225853499159893370000x 4 21 + ■ • • 
-597859726821790689492624998400x 4 4 + 84059799581674625557541683200x 4 3 (41) 
-2979131989754489205686272000x 4 2 - 1842910805533143334912000000x 4 
+333622121893933875200000000. 

For the case when (5x 4 — 22)(5x 4 — 14)(17x 4 — 22)(19x 4 — 14) = 0, we consider ideals I 3 , I4, Ig, Iq of the 
polynomial ring R 2 = Q[y, x 2 , x 3 , x 4 , xg] generated by 

{pi, p 2 , P3, Pi, y, x 2 x 3 x 4 x 5 - 1, 5x 4 - 22}, {p x , p 2 , p 3 , p A , y, x 2 x 3 x 4 x 5 - 1, 5x 4 - 14}, 

{Pi, Pi, P3, Pi, V, x 2 x 3 x 4 x 5 - 1, 17x 4 - 22}, {p u p 2 , p 3 , Pi, y, x 2 x 3 x 4 x 5 - 1, 17x 4 - 14} 

respectively. 

We take a lexicographic order > with y > x 2 > xg > x 3 > x 4 for a monomial ordering on R 2 . Then 
Grobner bases for the ideals I 3 , J4, Ig, I§ contain polynomials 

{5x 4 — 22, 5x 3 — 6, 5xg — 17, 5x 2 — 11}, {5x 4 — 14, 5x 3 — 12, 5xg — 19, 5x 2 — 7}, 
{17x 4 - 22, 17x 3 - 6, 17x 5 - 5, 17x 2 - 11}, {19x 4 - 14, 19x 3 - 12, 19x 5 - 5, 19x 2 - 7}. 

respectively. Thus we obtain the following solutions of equations (|4U|) : 
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1) Xi = l,x 2 

3) xi =l,x 2 = ^ ,x 3 = jj, x 4 = 77^5 = 77, 4) xi = l,x 2 

We normalize these solutions as follows: 

1) X\ = 5, x 2 = 11, £3 = 6, X4 = 22, X5 = 17, 2) £1 = 5, #2 = 7, £3 = 12, X4 — 14, £5 = 19, 
3) X\ — 17, x 2 — 11, £3 = 6, X4 = 22, 0:5 = 5, 4) xi = 19, x 2 = 7, £3 = 12, X4 = 14, x$ = 5. 

and we get Kahler Einstein metrics for these values of Xi's. Note that the metrics corresponding to the cases 
1) and 3) are isometric and the cases 2) and 4) are isometric. 

For the case when qi = and (5x4 — 22)(5#4 — 14)(17a;4 — 22)(19x 4 — 14) 7^ 0, we consider a ideal I7 of 
the polynomial ring R 2 = Q[y, x 2 , x 3 , X4, X5] generated by 

{pi, p 2 , p 3 , Pi, 2/(5x 4 - 22)(5a;4 - 14)(17x4 - 22)(19a;4 - I4)x 2 x 3 x 4 x 5 - 1}. 

We take the same lexicographic order > with y > x 2 > x 5 > x 3 > x 4 for a monomial ordering on R 2 . Then 
a Grobner basis for the ideal I7 contains the polynomial q\ and polynomials of the form 

b 2 x 2 +v 2 (x4), b 3 x 3 +v 3 (x4), b 5 x 5 + vr (x4) (42) 

where 62,^3,^5 are positive integers and v 2 (x A ), v 3 (x A ), ^5(0:4) are polynomials of degree 23 with integer 
coefficients. 

By solving the equation q\ — for X4 numerically, we obtain exactly 6 positive solutions, 8 negative 
solutions and 10 non-real solutions. The 6 positive solutions are approximately given by 

1) x A ps 1.157018562397866, 2) x A ps 2.075646788197390, 3) x A ps 2.145057741729789, 
4) X4 « 2.163849575049888, 5) x 4 ps 12.97930323340096, 6) x 4 ~ 12207.19468694106. 

We substitute the values for x 4 into the equations 62^2 + ^2(^4) = 0, b 3 x 3 + v 3 (x4) = 0, 65.T5 + v^(xa) = 0. 
Then we obtain the following values approximately: 

1) x 4 ps 1.15702, x 2 ps 0.641194, x 3 ps 0.566074, x 5 ps 0.557426, 

2) x 4 « 2.07565, x 2 ps 1.15028, x 3 ps 1.01551, x 5 ps 1.79396, 

3) x 4 ps 2.14506, x 2 ps 8.87367, x 3 ps 33.3409, a; 5 « -1.12628, 

4) X4 pa 2.16385, cc 2 ps 27.3523, x 3 ps 7.26471, a; 5 ~ -1.16127, 

5) X4 ~ 12.9793, x 2 ps 1.3699, x 3 ps 5.42602, X5 ps -1.49194, 

6) x 4 ps 12207.2, x 2 ps 18.0447, x 3 ps 1.46532, a; 5 ps -221.833. 

Thus we see that only the cases 1) and 2) correspond to Einstein metrics. We substitute these values for 
{xi,x 2 ,x 3 ,X4,Xz,} into (1551 and get 

1) ri = r 2 — r 3 = T4 = 7-5 ps 0.31855, 2) r\ = r 2 = r 3 = r4 = r§ ps 0.571467. 

Thus we obtain two Einstein metrics with Einstein constant 1: 

1) xi w 0.31855, x 2 ps 0.366421, x 3 ps 0.323492, x 4 ps 0.661198, x 5 ps 0.571467, 

2) xi ps 0.571467, x 2 ps 0.366421, x 3 ps 0.323492, x 4 ps 0.661198, x 5 « 0.31855. 

Now we see that these two metrics are isometric. 

Theorem 7.1. TTie flag manifold E 6 /(SU(4) x SU(2) x U(l) x U(l)) admits exactly seven ^-invariant 
Einstein metrics up to isometry. There are two Kahler- Einstein metrics (up to scalar) given by 

{xi = 5, x 2 — 7, x 3 = 12, X4 — 14, X5 — 19}, {xi — 5, x 2 — 11, x 3 = 6, X4 = 22, x§ = 17}. 
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The other five are non-Kdhler. These metrics are given approximately by 

{xi ps 0.571467, x 2 ps 0.366421, x 3 ps 0.323492, x 4 « 0.661198, x 5 ps 0.31855}, 
{xi re 0.49572094, a; 2 « 0.39385688, x 3 « 0.30158949, x 4 ps 0.093299706, x 5 ps 0.49572094}, 
{xi w 0.29495775, x 2 ps 0.40303263, x 3 ps 0.48143674, x 4 ps 0.10093004, x 5 ps 0.29495775}, 
{xi ps 0.47024404, x 2 ~ 0.35268279, x 3 ps 0.31380214, x 4 ps 0.62760315, x 5 ps 0.47024404}, 
{»! ps 0.26465483, x 2 ps 0.42092053, x 3 « 0.43231982, x 4 ps 0.42390247, x 5 ps 0.26465483}. 

Case of £? 7 : Type A. 

The components ri (i = 1, • • • , 5) of the Ricci tensor for a G- invariant Riemannian metric pip on G/X 
are given as follows: 
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By using similar method as for the case of Eq we end up to the following: 

Theorem 7.2. The flag manifold E7 /(U(l) x U(6)) admits exactly seven E7 -invariant Einstein metrics up 
to isometry. There are two Kdhler- Einstein metrics {up to scalar) given by 

{xi = 7, X2 = 11, X3 = 18, X4 = 22, £5 = 29}, {xi = 7, x 2 = 17, X3 = 10, X4 = 34, X5 = 27}. 
The other five are non-Kdhler. These metrics are given approximately by 

{xi ps 0.63931715, x 2 ps 0.37800271, x 3 ps 0.34993635, x 4 ps 0.69900421, x 5 ps 0.27564786}, 
{»i ps 0.52602201, x 2 ps 0.38291429, x 3 ps 0.32460549, x 4 ps 0.060058655, x 5 ps 0.52602201}, 
{xi ps 0.26773609, x 2 ps 0.42433469, x 3 ps 0.46801223, x 4 ps 0.063305828, x 5 ps 0.2677360}, 
{xi ps 0.50711535, x 2 ps 0.35565283, x 3 ps 0.33123840, x 4 ps 0.64238182, x 5 ps 0.50711535}, 
{xi ps 0.24046904, x 2 ss 0.43874160, x 3 ps 0.44384361, x 4 ps 0.39782398, x 5 ps 0.24046904}. 

Now we consider the cases of Bi = SO(2£ + 1) and Dg = SO(2£) together. 
Case of SO (to) : Type A. 

The components r, (i = 1,...,5) of the Ricci tensor for a G- invariant Riemannian metric pip on 
G/K = SO(m)/(U(l) x U(p) x SO(m - 2 - 2p)) are now given as follows: 

1 
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} (44) 



!(to — 2) Vxixs X1X4 X4X5V ' 4 (to — 2) \ a; 4 x 2 ' 
to — 2 — 2p / X5 x 2 £3 \ p — 1 / X5 xi 
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(45) 



From r\ — r5 = 0, we see that 

(x\ — X5) f(m — 2 — 2p)xiX4X5 + (m — 2 — 2p)ir 2 2 x4 + (m — 2 — 2p)a;3 2 X4 
— 2(m — 2)x 2 x 3 Xi +2(p — \)x\x 2 x 3 + 2(p — l)x 2 x 3 x 5 ) = 0. 

Case of x$ = x\. We normalize our equations by setting x\ = 1. We see that the system of polynomial 
equations (|37p reduces to the following system of polynomial equations: 

/1 = — (to — 2p):r 2 3 — (m — 4 — 2p)a;2a;3 2 + (to — 2p)ir 2 
+2(m - 2)x2 2 x- i - 2(m - 2)2^2:3 — (p — l)x 2 2 a;3a;4 + (p — 1)^32:4 = 0, 
h = -2(m - 2)x 2 2 + 2(m - 2)212213 + 2(p + 1).t 2 3 - 2(p + l):^ 2 
+2(p - l)x 2 - (p - 1)2:3X4 = 0, 

f 3 = -(to — 2 — 2p)a;3a;4 2 + 2(m - 2) x 2^x4 — 2pa; 2 3 .T4 — 4(p — l)a; 2 2 X3 
+2px 2 X3 2 a;4 — 2p 2^2:4 — 2a; 2 2 a;3a;4 2 = 0. 

To find non zero solutions of equations (|45[) . we consider a polynomial ring R — Q[y, x 2 , x 3 , 2:4] and an 
ideal I\ generated by 

h, h, yx 2 x 3 x A - 1}. 

We take a lexicographic order > with y > x 2 > x$ > x 3 for a monomial ordering on R. Then we see that a 
Grobner basis for the ideal 1% contains the following polynomial hi(x 3 ) of degree 12 : 

hi(x 3 ) = 16 (p + l) 5 (-p 2 + mp-5p + 2m-4) 2 (p 2 +4p - l) (p 3 + 5p 2 - 16mp + 35p + 8m 2 - 32m + 3l) x 3 12 
-32(m - 2)(p + l) 4 (-P 2 + mp - 5p + 2m - 4) (-5p 7 + 5mp 6 - 62p 6 - m 2 p 5 + 116mp 5 - 403p 5 - 88m 2 p 4 
+863mp 4 - 1562p 4 + 24m 3 p 3 - 600m 2 p 3 + 2642mp 3 - 3067p 3 + 128m 3 p 2 - 1226m 2 p 2 + 3241mp 2 - 2570p 2 
+ 128m 3 p - 655m 2 p + 1074mp - 557p - 24m 3 + 138m 2 - 261m + 162)a; 3 11 H 

-4(m - 2)(m - 2p - 2)(m - 2p)(m - p - l) 3 (m + 2p - 2)(56p 7 - lOOmp 6 + 272p 6 + 58m 2 p 5 - 368mp 5 + 448p 5 
-7m 3 p 4 + 64m 2 p 4 - 172mp 4 + 72p 4 - 4m 4 p 3 + 100m 3 p 3 - 408m 2 p 3 + 624mp 3 - 352p 3 + m 5 p 2 - 41m 4 p 2 
+253m 3 p 2 - 622m 2 p 2 + 696mp 2 - 304p 2 - 2m 5 p - m 4 p + 66m 3 p - 212m 2 p + 248mp - 96p + 2m 6 - 15m 5 
+40m 4 - 40m 3 + 16m)a;3 

+ (m - 2p - 2) 2 (m - 2p) 2 (m - p - l) 4 (m + 2p - 2) 2 (4p 4 - 4mp 3 + 16p 3 + m 2 p 2 - 8mp 2 + 16p 2 - 4m 2 p 
+ 16mp - 16p + 2m 3 - 12m 2 + 24m - 16) 

and polynomials of the form 

b 2 x 2 + v 2 {x 3 ), b 3 x 4 + v 3 {x 3 ), (46) 

where b 2l b 3 are integers depending on to and p and ^2(^3), v 3 (x 3 ) are polynomials of degree 11 with integer 
coefficients depending on to and p. 

Note that for 2 < p < — - — , we see that 

hi(0) = (m - 2p - 2) 2 (m - 2p) 2 (m - p - 1) 4 (to + 2p - 2) 2 x 

(2(to - 2p - 2) 3 + (p 2 + 8p)(m - 2p - 2) 2 + 4p 2 (m - 2p - 2) + 4p 2 ) > 

and the head coefficient of h\(x 3 ) (that is the coefficient of degree 12) is given by 

16(p+ l) 5 (p 2 +4p- 1) ((p + 2)(m- 2p- 2) +p 2 +pf x 
(8(to - 2p - 2) 2 + 16p(m - 2p - 2) + p 3 + 5p 2 + 3p - l) > 0. 

We claim that there exists x 3 ° > such that hi(x 3 °) < 0. Then we see that there exist at least two positive 
solutions of the equation 711(0:3) = 0. For fixed to we divide p into the following 4 cases: 

... , TO TO TO 

1 ) the case when 2 < p < — 2 ) the case when h 1 < p < — 

-^~4 W 4 - 3 

, to 3 , . ,3 to — 3 

(3) the case when — + 1 < p < — m (4) the case when -to + 1 < p < — - — . 

3 8 8 ' 2 

Case (1). We put x 3 ° = — I . We claim that for 3 < p < — , hi(x 3 °) < 0. Consider the 

2 16to 16to ' 4 

, ,1 13 5p . TTr 

value /lit - H — — — )■ We see that 

2 16m. 16to 

, , 1 13 5p 1 . 

/ii( — I = 77rGi(rn,p), 

u 2 16to 16to ; 17592186044416to 12 n 
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where Gi(m,p) is a polynomial of m and p with integer coefficients of degree 23 for m. This is given by 

23 

Gi(m,p) = ^a fe (p)(m-4p) fe , 

fe=0 

where afc(p) are polynomials of p with integer coefficients. We expand each dk(p) by p — 3 and we see that 
these are polynomials of p — 3 with positive integer coefficients. For example, we have 

a Q (p) = 178237127754237399126183(p- 3) 26 + 13265901008221449505213854(p - 3) 25 
+468508725568700912318217147(p- 3) 24 + 10476580337328823577318977524(p- 3) 23 + ■ ■ ■ 
+5459366557078936923770981445634359296(p- 3) 2 + 102099050788760068306158510149730304(p - 3) 
+9153796573419518258107893315272704. 

Thus we see that for p > 3 and m — Ap > 0, G\{m,p) is positive. For p = 2, we have that 

Gi(m, 2) = 4947802324992m 23 - 238731462180864m 22 + 4683833634979840m 21 
-46281577591734272m 20 + 202492806617366528m 19 + 347599071281676288m 18 
-9310980063572787200m 17 + 52574830445585235968m 16 - 150817861595192885248m 15 
+203948015024640884736m 14 + 24172844877444808704m 13 - 443862342994666192896m 12 
+385551424965459050496m n + 234121922151674609664m 10 - 374049639831778762752m 9 
-75293632155127080960m 8 + 131014157184763195392m 7 + 41471745352938388224m 6 
-4230801125626406400m 5 - 3773984791973043456m 4 - 724276391563682496m 3 
-67160272036488624m 2 - 3137789825780976m - 59372964780228. 

By expanding Gi(m, 2) by m — 13, we obtain that 

Gi(m,2) = 4947802324992(m- 13) 23 + 1240661432991744(m - 13) 22 + 147959819460935680(m - 13) 21 
+11163907197560160256(m- 13) 20 + 598016367241983950848(m- 13) 19 + • • • 

+863786663385687333093846137528883728(m- 13) 2 + 505363778599954771716113864626795760(m - 13) 
+91549876964199619601498344378250268. 

Thus we obtain that Gi (m, 2) > for m > 13. 

19 mm 19 

Case (2). We put x 3 — — . We claim that for \-2 < p < — , hUxz ) < 0. Consider the value h\{ — ) 

w KJ 50 4 " 3 50 

for p = — + s where s is a positive integer. We see that 

19 1 

= ~4096000000000000000000000000 G2( ' m '' S ' ) ' 
where G 2 (m, s) is a polynomial of m and s with integer coefficients of degree 14 for m. We see that the 
polynomial G 2 (m, s) is of the form given by 

14 

G 2 (m,s) =^6 fc ( S )(m-12s) fc , 

fc=0 

where bk(s) are polynomials of p with integer coefficients. We see that each bk(s) is a polynomial of s — 2 
with positive integer coefficients. For example, we have 

b (s) = 1506786986744786694940025493563375616(s - 2) 14 + 36998433298516093734987416088141 103104(s - 2) la 
+416136307149363560959687947416881856512(s - 2) 12 + 2842633983062558684587917475200569966592(s - 2) 11 + ■ 
+57949158057391373824741968217195103125504(s - 2) 2 + 14661733981405213296399078855588634951680(s - 2) 
+1759509038746291790869701479717803130880. 

Thus we see that, for s > 2 and m — 12s > 0, G 2 (m, s) is positive. Note that 2 < s < m/12 and thus 
p < m/4 + m/12 = m/3. 

21 

For s = 1, that is p = m/4 + 1, we consider ). Then we see that 

uU 

21 Q 

hi(-) = H 2 (m, 1) 

u 50 y 4096000000000000000000000000 v ' ' 
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where 

H 2 (m,l) = 1054050555264795935559m 14 - 25389815873416469983512m 13 - 966477257093633919382992m 12 
+46723891545491804668385536m 11 - 692407952396029127541554176m 10 + 2877161421721862355752550400m 9 
+38703106006797200198212583424m 8 - 637677740991893898125100711936m 7 
+4388384700195221430188604653568m 6 - 17925423535989571036538101301248m 5 
+47001713463749690546636544016384m 4 - 80077090514342627715801 1 1 1592960m 3 
+85882621352257394136232639856640m 2 - 52734119195798771677768817049600m 
+14142949365346227611634342297600. 

We see that 

H 2 {m, 1) = 1054050555264795935559(to - 13) 14 + 166447385184776390288226(to - 13) 13 
+10952887349716279346365341(to- 13) 12 + 404197548045208433956000372(m - 13) 11 + ■ ■ ■ 
+15512402577878159456329789083376125(to- 13) 2 + 19060854444302720753441098137077730(m - 13) 
+1049301029441675428621431247614375. 

Thus H2(m, 1) is positive for to > 13. 

Case (3). We put x 3 ° = i. We claim that for ^ + 1 < p < \m, h\{x$°) < 0. Consider the value /ii(^) 

3 3 8 3 

771 

for p = — + s where s is a positive integer. We see that 

^ ) ^2541865828329 G3(m ' s) ' 
where C?3(m, s) is a polynomial of m and s with integer coefficients of degree 14 for to. We see that the 
polynomial G^{m, s) is of the form given by 

14 

G 3 (m, s) = c k (s)(m - 24s) fc , 

fc=0 

where Cfe(s) are polynomials of p with integer coefficients. We see that each Cfe(s) is a polynomial of s — 1 
with positive integer coefficients. For example, we have 

co(s) = 2688886554248702829059568(s - l) 14 + 28773011904669834888459456(s - l) 13 
+141508288769505404340266208(s- 1) 12 +425988148380665862862038816(s- l) 11 + • • • 
+ 19077956371801372323151872(s - l) 2 + 230927843471 1832223023104(s - 1) 
+108869460718905531039744. 

Thus we see that for s > 1 and m — 24s > 0, Gs(m,s) is positive. Note that 1 < s < m/24 and thus 
to/3 + 1 < p < to/3 + m/24 = 3to/8. 

Case (4). We put q = m/2 - p and x 3 ° = — - — - 8( — ) 2 + 16-^-. We claim that, for 2 < q < -m, 

771 771 TO ^ 7YI 8 

that is, -to <p< — — 2, hi(xs°) < 0. Consider the value h\(— 8( — ) 2 + 16-^r). We see that 

8 2 TO TO TO TO 

, /4g 4 q 2 g 16 

8 — ) z + 16— = 5I G 4 (TO,g , 

TO TO TO TO TO 

where G^m^q) is a polynomial of m and g with integer coefficients of degree 30 for to. We see that the 
polynomial Gi{m, q) is of the form given by 

30 

G 4 (to, q) = Y u k (q)(m - 8<7) fc , 

k=0 

where u k {q) are polynomial of q with integer coefficients. We see that each Uk(q) is a polynomial of q — 2 
with positive integer coefficients. For example, we have 

no (g) = 26951178076734183104839680(g - 2) 3S + 2212338096952683249388224512(g - 2) 37 
+83992678988503465460710244352(g - 2) 36 + 1995946208003865782253049085952(< 7 - 2) 35 + • • • 
+229210217524459650051376283663636365312(g - 2) 2 + 22366794926378575054826400937697869824(g - 2) 
+1012881211339770900930920976868179968. 
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Thus we obtain that G^im, q) > for 2 < q < m/8, that is, for — m < p < — — 2. 

8 2 

Note that, for the case when to = 2£, we have p < I — 3 = to/2 — 3 < and for the case when 

m = 2£ + 1, we have p < £ — 1 = (m — l)/2 — 1. We consider the case p = ^ — 1 where m = 21 + 1. We put 

n 1 1 

a;3 = - - We sec that 

" iF } = ~ 1048576^ W ' 

where 

H 4 (£) = 28311552^ 25 + 127926272^ 24 - 3676700672^ 23 + 25529024512£ 22 - 99774468096£ 21 
+251607146496^ 20 - 413969008640£ 19 + 386872995840^ 18 + 11909161728^ 17 - 698697895936^ 16 
+1310915822464^ 15 - 1514173731328£ 14 + 1280110627808^ 13 - 839682485472£ 12 + 439251246304£ n 
-185919232072^ 10 + 64111849503£ 9 - 18030414660^* + 4116853866£ 7 - 755179592^ 6 
+10934955W 5 - 12168116£ 4 + 999284^ 3 - 56776^ 2 4- 1984£ - 32. 

We see that 

H 4 {£) = 28311552(<?- 3) 25 + 2251292672(€ - 3) 24 + 81975181312(£ - 3) 23 + 1847752916992(£- 3) 22 + ••■ 
+287547059522662005140(^- 3) 3 + 97552658701667320160(£- 3) 2 + 21045285340535234500(^-3) 
+2167673762760385300, 

80 M^-^)<0for^>3. 

We now take a lexicographic order > with y > 23 > X4 > X2 for a monomial ordering on R. Then we see 
that a Grobner basis for the ideal I\ contains the following polynomial ^2(^2) °f degree 12 : 

h 2 (x 2 ) = 16(p + l) 5 (p 2 + Ap - 1) (p 3 + 5p 2 - l&mp + 35p + 8m 2 - 32m + 31) x 2 12 

-32(m - 2)(p+ l) 4 (p 5 + mp 4 + 9p 4 - 26mp 3 + 88p 3 + 16m 2 p 2 - 172mp 2 + 308p 2 + 56m 2 p - 222mp 

+207p - 8m 2 + 35m - 37) X2 11 + ■■■ 

-4(m - 2) 4 (m 6 - 2pm 5 - 10m 5 - 3p 2 m 4 + 8pm 4 + 31m 4 + 8p 3 m 3 + 40p 2 m 3 + 50pm 3 - 18m 3 - 2p 4 m 2 
-56p 3 m 2 - 176p 2 m 2 - 288pm 2 - 54m 2 - 3p 5 m + 23p 4 m + 86p 3 m + 226p 2 m + 397pm + 39m 
+p 6 - 6p 5 - 23p 4 + 52p 3 + 27p 2 - 94p + 43) x 2 

+ (m - 2) 4 (m - p - 3) (m 2 - pm - 7m - p 2 + 6p + 11) (m 3 - 2pm 2 - 2m 2 + p 3 - 3p 2 + 3p - l) . 

We claim that the equation /i2(x2) = has at least one positive real root. We write 

12 

ki(x 2 ) = h(m,p)(-l) k x 2 k . 

Then bk(m,p) are polynomial of to and p with integer coefficients. It is enough to see that bk{m,p) are 
positive. Note that, if we denote by rik the degree of bk{m,p) with respect to to, then we see that n%2 = 2, 
rin = 3, nio = 4, ng = 5, n$ = 6, n.7 = 6, n§ = 6, 715 = 6, — 6, = 6, ni = 6, ri\ = 6, hq — 6. We see 
that each polynomial bk{m,p) is of the form given by 

b k (to, p) = u ) (P) {m-2p- 3) 1 , 

3=0 

where u k (p) are polynomials of p with integer coefficients. Now we see that each u k {p) is a polynomial of 
p — 2 with positive integer coefficients. For example, we have 

ug(p) = 16(p - 2) 10 + 384(p - 2) 9 + 4360(p - 2) 8 + 30712(p - 2) 7 + 146905(p - 2) 6 + 491510(p - 2) 5 
+1149975(p - 2) 4 + 1839750(p - 2) 3 + 1913125(p - 2) 2 + 1162500(p - 2) + 312500. 

Thus we obtain that bk{m,p) > for 2 < p < (m — 3)/2. From (|4"6")l . we see that there exists a real solution 
for the equation /12OE2) — and hence, it is a positive solution of hi(x-i) = 0. 
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We take a lexicographic order > with y > X3 > X2 > £4 for a monomial ordering on R. Then we see that 
a Grobner basis for the ideal 1\ contains the following polynomial h^{xi) of degree 12 : 

h A (x A ) = (m - p - l) 4 (p - l) 4 (-p 2 + mp - 5p + 2m - 4) 2 (4p 4 - Amp 3 + 16p 3 + m 2 p 2 - 8mp 2 
+ 16p 2 - 4m 2 p + lQmp - 16p + 2m 3 - 12m 2 + 24m - 16) x 4 12 

-2(m -2)(m-p- l) 3 (p - l) 3 (-p 2 + mp - 5p + 2m - 4) (l6p 7 - 52mp 6 + 192p 6 + 60m 2 p 5 - 488mp 5 
+872p 5 - 29m 3 p 4 + 412m 2 p 4 - 1624mp 4 + 1872p 4 + 5m 4 p 3 - 118m 3 p 3 + 816m 2 p 3 - 2056mp 3 
+1688p 3 - 7m 4 p 2 + 37m 3 p 2 - 100m 2 p 2 + 212mp 2 - 208p 2 + 6m 5 p - 90m 4 p + 542m 3 p - 1588m 2 p 
+2248mp - 1232p + 8m 5 - 96m 4 + 448m 3 -1024m 2 + 1152m - 512) X4 11 H 

-256(m - 2) 4 (m - 2p) 2 (p - l) 3 (m 7 - 2pm 6 - 14m 6 - 4p 2 m 5 + 24pm 5 + 76m 5 + 14p 3 m 4 + 34p 2 m 4 - 110pm 4 
-194m 4 - 14p 4 m 3 - 130p 3 m 3 - 6p 2 m 3 + 202pm 3 + 204m 3 + 4p 5 m 2 + 168p 4 m 2 + 240p 3 m 2 - 456p 2 m 2 + 12pm 2 
+32m 2 + 5p 6 m - 90p 5 m - 425p 4 m + 180p 3 m + 1043p 2 m - 506pm - 207m - 4p 7 + 6p 6 + 160p 5 + 306p 4 
-436p 3 - 598p 2 + 472p + 94) x 4 + 256(m - 2) 4 (m - 2p) 2 (m - p - 3)(p - l) 4 (m 2 - pm - 7m - p 2 + 6p + 11) x 
(m 3 - 2pm 2 - 2m 2 + p 3 - 3p 2 + 3p - l) . 

We claim that the equation 713(2:4) = has at least one positive real root. We write 

12 

h 3 (x4.) =^2c k (m,p)(-l) k x 4 k . 

Then c/-(m,p) are polynomial of m and p with integer coefficients. It is enough to see that Ck(m,p) are 
positive. Note that, if we denote by n& the degree of Cfc(m,p) with respect to m, then we see that ni2 = 9, 
Tin = 10, n\o = 12, ng = 12, n§ = 13, nj = 13, ng = 13, = 13, = 13, = 13, = 13, m = 13, 
no = 12. We see that each polynomial Ck(m,p) is of the form given by 

«fc 

c k (m,p) = »* (P)(*n - 2p - 
3=0 

where Vj(p) are polynomials of p with integer coefficients. Now we see that each Vj(p) is a polynomial of 
p — 2 with positive integer coefficients. For example, we have 

wg(p) = 36864(p- 2) 14 + 1032192(p- 2) 13 + 13805568(>- 2) 12 + 116398080(p- 2) 11 
+685359360(p - 2) 10 + 2951944704(p - 2) 9 + 9503200512(p - 2) 8 + 23056224768(p - 2) 7 
+42128455680(p- 2) 6 + 57473072640(p- 2) 5 + 57485318400(p- 2) 4 + 40820544000(p- 2) 3 
+19441440000(p- 2) 2 + 5558400000(p - 2) + 720000000. 

Thus we obtain that Ck{m,p) > for 2 < p < (m — 3)/2. From (|46l) . we see that there exists a real solution 
for the equation h^x^) — and hence, it is a positive solution of h^x^) = 0. 
Therefore we obtain the following 

Theorem 7.3. The system of equations (|45[) has at least two positive solutions. Thus the flag manifold 
M = SO(m)/(U(l) x U(p) x SO(m — 2{p + 1)) admits at least two SO (m) -invariant non-Kahler Einstein 
metrics for any p > 3, and for p — 2 when m > 13. 

For p = 2 it is possible to use a similar analysis as before and sharpen the above result. In fact, as for the 
case (1) we see that 

(1 /20m _ 493\\ = 1 

1 \2 \ 33 198 7 y 173857445425479232434733056 Hmj ' 
where Ki(m) is a polynomial of m with integer coefficients of degree 16. By expanding Ki(m) by m — 11, 
we obtain that 

Ki(m) = 3583035271261716480000(m- ll) 16 + 511250673311500625510400(m - ll) 15 
+31818296826635532065832960(m- ll) 14 + 1173386825534099922378817536(m- ll) 13 
+29027304327079432810844872704(m- ll) 12 + 513765537329981469527636631552(m - ll) 11 + • • • 
+99971319095011447419581739885675068(m- 11) + 15879235006092866105410345517930679. 

Thus we obtain that K\(m) > for m > 11. 
We also see that 
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fti(l) = (m - 5) 2 (to 2 - 9to + 19) 2 ((to - 10) 7 + 24(to - 10) 6 + 211(to - 10) 5 + 850(to - 10) 4 
+1620(to - 10) 3 + 1448(to - 10) 2 + 544(to - 10) + 72) . 

Thus we obtain that ft-i(l) > for m > 10. 

Together with the above result, we obtain the following: 

Theorem 7.4. The flag manifolds SO(2£ + 1)/(U(1) x U(2) x SO(2£ - 5)) {£ > 6) and SO(2£)/(U(l) x 
U(2) x SO(2(^ — 3))) (£ > 7) admit at least four invariant non-Kahler Einstein metrics. 

Moreover, for small values of i and p it is possible to obtain the precise number of invariant Einstein 
metrics depending on type Be and De as follows. 



Table 4. The number of non-isometric homogeneous Einstein metrics 





Non-Kahler Einstein 
of type a 


Non-Kahler Einstein 
of type b 


Kahler Einstein 


Generalized flag manifold 


(3,2) 


2 


1 


2 


SO(7)/U(l) x U(2) 


(4,2) 


4 


2 


2 


SO(9)/U(l) x U(2) x SO(3) 


(4,3) 


2 


1 


2 


SO(9)/U(l) x U(3) 


(5,2) 


4 


2 


2 


SO(ll)/U(l) x U(2) x SO(5) 


(5,3) 


2 


1 


2 


SO(ll)/U(l) x U(3) x SO(3) 


(5,4) 


2 


1 


2 


SO(ll)/U(l) x U(4) 


(6,2) 


4 


2 


2 


SO(13)/U(l) x U(2) x SO(7) 


(6,3) 


2 


2 


2 


SO(13)/U(l) x U(3) x SO(5) 


(6,4) 


2 


1 


2 


SO(13)/U(l) x U(4) x SO(3) 


(6,5) 


2 


1 


2 


SO(13)/U(l) x U(5) 


(5,2) 


4 


2 


2 


SO(10)/U(1) x U(2) x SO(4) 


(6,2) 


4 


2 


2 


SO(12)/U(l) x U(2) x SO(6) 


(6,3) 


2 


2 


2 


SO(12)/U(l) x U(3) x SO(4) 


(7,2) 


4 


2 


2 


SO(14)/U(l) x U(2) x SO(8) 


(7,3) 


4 


2 


2 


SO(14)/U(l) x U(3) x SO(6) 


(7,4) 


2 


2 


2 


SO(14)/U(l) x U(4) x SO(4) 



Non-Kahler Einstein metric of type a means that the metric of the form with xi = £5 and Non-Kahler Einstein 
metric of type b means that the metric of the form with x\ =fi X5. 

We conjecture that for the classical flag manifolds studied in the present work the total number of non 
isometric invariant Einstein metrics is precisely five, six or eight. Note that two of them are Kahler-Einstein 
metrics. 
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